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METHOD OF SOLVING LINEAR DIFFERENTIAL EQUATIONS. 
SECOND PAPER. 





By P. A. LAMBERT. 


The object of this paper is to apply to linear partial differential equations 
the method of solution applied to ordinary linear differential equations 
in the paper entitled ‘‘A Method of Solving Linear Differential Equations’’ 
published in the Annals of Mathematics, July, 1910. 

Let the given differential equation be 


Ou du O"u 
(1) i(z, Yy Uy os a a) = 0. 








The method of solution proposed consists of the following steps: 

a) Break up the function f into two parts, one of which, f;, equated 
to zero gives a differential equation which may be readily solved, and 
introduce a parameter ¢ as a factor of the second part fo, so that the given 
equation, fi + fe = 0, is replaced by 


(2) fi + tfe = 0. 


(b) Assume that the series 


(3)) u = Uy t+ Ut + wl? + us? + ---, 
| 


whlere u,, U;, U2, U3, *-* are undetermined functions of z and y, makes 
equation (2) an identity. Substitute the expression (3) in equation (2) 
and determine these functions by solving the differential equations formed 
by |equating to zero the coefficients of successive powers of ¢ in the resulting 
identity. 

(c) Substitute these values of u,, uw, Ue, Us, «+ in (3), and replace ¢ by 
unity. Then see if 


(4) u=UutUwt+twH+twt+::: 


is ¢onvergent and satisfies equation (1). 

This method of solving differential equations will be called the parametric 

method. 

The results obtained by the application of this method are not new. 
actual solution of an ordinary linear differential equation by the 
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-., parametric method is simpler in theory and decidedly less laborious than 
y the method which assumes the solution to be 


y= > A a +s 


and requires the determination of the constants A,, m and s. 

The method of solution of linear ordinary differential equations out- 
lined by Schlesinger* is practically identical with a special application of 
the parametric method. In the application of the method outlined by 
Schlesinger, which was established by Caquét by studying equations of 
finite differences, the given differential equation, 


‘ di d") 
Henityfi)= 


or Diy) sii D.(y) = p(x), 


is broken up into 


where D, must contain the derivative of highest order. The solution of 
D,(y) = 0 is called wp and the solution of the given equation is written 
y = U + u, so that 


D,(uy + u) = D2(uy + u) + p(x), 
and u must be the principal integral of 
D,(u) — Ds (u) = Fix), 
where F(x) represents the known function 
p(x) + Do(uo). 
If uw; is the principal integral of 
D,(u) = Fir) 


and wu = u; + v, v must be the principal integral of 


D,(v) = Dz (v) + F(z) 
where 
F(z) = D2(uj). 


Repeated application of this process gives 


Y=WwWtutwet+ut+-:-:-, 


*Handbuch der Theorie der linearen Differentialgleichungen, pp. 370-377. 
tLiouville’s Journal, Series II, Vol. 9, p. 185. 








i Ray, EI I RR gr A DMC 





METHOD OF SOLVING LINEAR DIFFERENTIAL EQUATIONS. 3 





which is proved to be convergent and a solution of the given differential 
equation. 

In applying the parametric method the given differential equation is 
replaced by 


fi + the = 0, 


where f; is selected so that (1) the equation f; = 0 can be integrated 
and (2) the resulting series shall be convergent. It is frequently advan- 
tageous to select f; so that it will not contain the highest derivative of the 
given equation. 

Schwarz* discusses the partial differential equation 


au. &u 
aa? + ay’ s dai 


and Darboux7 discusses the partial differential equation 


ru Ou Ou 
—mwa.+b. + cu, 
OX OY OX OY 


where a, b, c, are functions of z and y, by a method of successive approxi- 
mations which is essentially the same as the parametric method. However, 
the use of the parameter, which characterizes my method of solution, 
does not seem to occur in the literature of differential equations. Moreover, 
the parametric method seems better adapted to the actual determination 
of the solution of the partial differential equation than the method of suc- 
cessive approximations as used by Schwarz and Darboux. 

The parametric method will be exemplified by applying it to several 
examples. 

In Example I the method is applied to a first order equation to throw 
the method into prominence. Example II is the second order differential 
equation of fundamental importance in mathematical physics and the 
theory of functions. The solution containing two arbitrary functions is 
found. Examples III, IV and V show how to find particular integrals 
under different conditions 

The differential equations of the first five examples have constant 
coefficients. In Example VI, the differential equation of Euler and Poisson,t 
of importance in mathematical physics and differential geometry, the coeffi- 
cients are functions of x and y. 
*Abhandlungen, Vol. I, pp. 241-265. 


t Théorie générale des surfaces, vol. IV, pp. 353-367. 
t Darboux, Théorie des surfaces, vol. II, p. 54. 
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ou ou 


Example I. ie a ay = nu. 


Replace the equation by 


Ou ou 
—nu+. t=0 
OY OX 


and assume 
U = Uo + Ut + wl? + ugli + +s. 


There results 
OUp Ou, OU. 
: — | —~ | fF de oes 
OY OY OY 


—NUy —NUy — Nib 


OUy ‘ Ou, 
On Or 


Solving the differential equations obtained by equating to zero the 


coefficients of powers of ¢ in this identity, 


ny 


Up=E"y(z), 


candi ny a 
W=—e"e (XY, 


Substituting in the value of uw and making ¢ unity, 


y- 
ny Pa af " ft “\e om 
u=¢ | (r)—¢ (x)yt+e¢ (ZX) 5, 


whence by Taylor’s series 
u=e"el(r—y), 


the integral of the given differential equation containing an arbitrary 


function. 
ou ,ou 


Example II. wae die OF ——s 
Ox OY 


Replacing this equation by 
aru 4 at 0’u 0 
er a. 
Ox" oy” . 


and assuming 
U=Uy + Ul + Ul? + usl? + ---, 
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there results 


07Up Oru, Ou, 
— + t+ _» O+--- 0. 
Ox Ox- Ox 
, O'Uy OU 
a’ — 
* OY? * oy” 


From the series of differential equations obtained by equating to zero 
the coefficients of powers, of ¢ in this identity may be found 


Uy = (A 4. Br) ¢(y), 


2 3 
u=— “(4 a + Bs) ey), 


Us 


x zx‘ sia 
a Ay, +B, y (y), 


Substituting in u and making ¢ unity, 


arr a‘xt 


u=A¢gly)-—A 5, ¢ (ly) +A 4! eo‘ (y) +--+: 


ax Oe ws 
+ Bely)t- Bay ely) + B sre (Y) on, 


Now if ¢(y) is made e” in order that ¢(y) and all its derivatives shall 
have the same value, and if the arbitrary constant B is replaced by Ca, 
it is readily seen that 

u= Ae’ cos (ax)+Ce” sin (ax). 


It is evident that this solution of the differential equation may be 
written in the form 


ax —s 
u = Ae" cos = + Ce" sin a 


If it is desired that u shall contain all the successive derivatives of ¢(y) 
the values of wo, W, we, U3, «++ may be written 


Uy = ¢(y) + Bre'(y) 


9 9 


ae Poe. 
u“™l=-¢ (y) 91.7 Be’ (y) 3! 


vp OE" a Oe 
= oY) gy + Be"(y) xy 
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Whence 
a*x- 
(Y) oy 


,? 


u=¢(y) + ¢(y)Br—-¢ 


3 4y4 


- a*xr® — 
— €"(y) Bos, +7'O a + **- 


The terms of n which have been written are the first five terms of the 
expansion of a function by Taylor's series provided B = ai or B = — ai, 
where 7= v¥ — 1. 

The terms of u which have been written now suggest that 


u= oly + tar) + ely — tax), 


which on trial is found to be correct. 
Of this solution containing two arbitrary functions the former solution 
containing two arbitrary constants is a special case. 
au > oY au 1 


aay ax ay ox ay" Tr ay” ~ 


Replacing this equation by 


o°Uu 1 O7u O°u 
ae le —— a ee i a 
OX-OY z=” OL OY~ oy” 


and applying the method 


Up = o(x) + (A + Buyely) + (Ar + Bir)eily) — y log zx. 


By actual trial it is found that the following four values of uo, parts of 
this general expression for wp, 


uy = ¢g(2), 

Uy = oly) + Bire,(y), 
uy = Brey), 

U = — y log z, 


lead to solutions of the differential equation. 
The solution of the equation, the sum of the solutions corresponding to 
these four values of w,, is 


u= g(x) + wol(x + y) + res(x + y) — y log az. 
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au du 


Ou ou 
inna — = ert2 
ax? ~ ay? ~ Paz t Fay =O" + 


Example IV. 





OT OS SY RENEE ent cyte 


The complementary integral is the solution of the equation 





Ou »=d*u 


Ou ou 
az? ay? 2 ar + 3 ay = 


Replacing this equation by 


O7u Ou O7u ou 
* ” ond 3 _ ( ” 9 _ 3 t = 0, 
Ox” Ox oy~ oy 





Cet es ee re te ye 





we find uw = e*¢g(y), which suggests that e* is a factor of the comple- 
mentary integral. 

Transforming the equation by the relation u = e**-v, a partial differ- 
ential equation is formed of which 






a 














v = g(t — y) 






rere 


is a solution. It follows that 





u=e*"g(x — y) 










is a complementary integral. 
If the differential equation which determines the complementary 
integral is replaced by 


(3 _3 ne _ ( - 3%) 0 
Ox" Ox oy OY 


it is found in like manner that 








u = e%o(x — y) 













is a complementary integral. 
These two complementary integrals are not independent. Replacing 
the differential equation by 


Ou = 8*u du du 
(a =I 7 3 (iy -5) “ 


a third and independent complementary integral is found 





u= g(x + y). 
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The particular integral corresponding to the term zy is found by applying 


the method to 
O7u ou O7u ou 
lak — - - 3 - = Q. 
ox . ax” 7 (= oy je 


To find the particular integral corresponding to the term e‘ **” transform 


the equation 
au du du... du 
* ee — 3 o + 3 * = 
Ox ~ OYy- On oY 
by the relation 


The equation in v is 


orn o7v aor ov 


dx? ay? ax Oy 


A special solution of this equation is v = — y, and the corresponding 
particular integral of the given equation is 


The solution of the given differential equation is the sum of the two 
independent complementary integrals and the two parts of the particular 
integral. 


Example V. To find a particular integral of 


vu du .. (r+ 
52 tana 6. ¢ =2' sin (x + y). 
ax* * axdy ay” y 
Replace the right-hand member by x*e’*" and transform the resulting 
equation by the relation 


The particular integral of the equation in v can be found by the method 
of example IV. 

The particular integral of the given equation is the coefficient of 7 in 
the corresponding value of u. 

So far the parametric method has been applied to linear partial differ- 
ential equations with constant coefficients. The following example shows 
that the method may be applied with advantage to equations with variable 
coefficients. 


avu a ou b du 
axdy x£-yor’ x-—yodoy — 


Example VI. 
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Replacing this equation by 
Ou 0 


U 0°u 
a. ~** = (zr — y) axay* 


and assuming that 
U = Up + Ut + Ul? + usl® + ---, 


it follows at once that 
Up = g(ay + br). 


Solutions of the given equations which are homogeneous polynomials 
are found by giving uy the successive values 


Uy = ay + br, 
Uy = (ay + bax)?, 


Uy = (ay + br)’, 


The given equation may be written 


( O°u 41 = ) ( aru L du «e 
- Oxay ” ay at dxdy) “jax aint 


A solution of the first part of this equation placed equal to zero is 
u = x 'eily); 

a solution of the second part placed equal to zero is 
u= y“gr(r). 

Hence a solution of the given equation is 
u=xr y, 

from which we may get the more general solution 

u=(x+m)"(y +m)“, 


where m is an arbitrary constant. 
The given differential equation may be replaced by either of the equations 


07u a ou au 
OxXOY oo yor 2x y oy 


07u b Ou ou 
Oxrdy xXx—yoy Y Ox 
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From the first equation a special value of uo is 


l—a 


—(r-y) 


ys = 
. l-—a 


The use of this value of up suggests that (x — y)'~* is a factor of the solution 
of the given equation. In like manner from the second equation 


— (x — yy)!” 


1—b 


Uy = bd 


which suggests that (2 — y)'~” is a factor of the solution of the given 


equation. 
From these suggestions it is inferred that (r — y)'~"~’ is a factor of 
the solution of the given equation. This inference is correct, for the relation 


euct 


u=(r—y) er 
transforms the given equation into 


o7V 1 —b ov 1 —aoao 


oxdy x—-—yor 'x—yoy 
By the preceding paragraph a solution of this equation is 
v= (r+m)* (y+ n). 


The corresponding solution of the given equation is 


u = (x + my + m)(z — y)'*. 


LewiGH University, February, 1911. 





DUALITY IN PROJECTIVE GEOMETRY. 
By N. J. LENNEs. 


Veblen and Young have given a set of independent assumptions for 
projective geometry.* Their assumptions are stated in terms of the ab- 
stract (undefined) symbols point and classes of points called lines. The 
plane, three-space and spaces of higher dimensions are defined as classes 
of points determined by certain collinearities. The definitions of three- 
space and of spaces of higher dimensions are direct generalizations of the 
definition of plane.t Since in the treatment of Veblen and Young the plane 
is defined as a class of points while point is an undefined symbol it is clear 
that the development cannot involve point and plane in precisely the same 
manner from the start. Indeed a considerable body of theorems must be 
proved before the general theorem of duality can be established. . By a 
direct generalization of the theorems just mentioned and their proofs 
duality in spaces of higher dimensions is established. 

The treatment of Veblen and Young has the obvious advantage that 
a small number of undefined symbols is used and that consequently the 
number of assumptions is small. On the other hand, it would seem de- 
sirable to treat point and plane as space duals in the assumptions themselves. 
While this requires a somewhat larger body of axioms it avoids some rather 
intricate and slippery argumentations at the very outset. This consider- 
ation will be of greater importance in case the assumptions are used as 
basis for a first course in projective geometry. 

The purpose of this paper is to give an independent set of assumption 
which shall be sufficient for what Veblen and Young call general projective 
space.t 

The undefined elements are point and plane, each equally abstract and 
fundamental. Thus plane is not regarded as a class of points and the 
line does not occur explicitly at all in the assumptions. Point and plane 
are connected by two undefined relations ‘‘ point on plane’’ and “ plane on 
point.’ These are entirely independent except as noted on page 15. Thus 
“Point A is on plane a’’ need not mean “Plane a is on point A.” 


*A set of Assumptions for Projective Geometry, American Journal of Mathematics, vol. 
XXX (1908), pp. 347-380. 
tSee Veblen and Young, Projective Geometry, vol. I, pp. 29-33. 
tAmerican Journal, vol. XXX, p. 347. 
11 
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From the first equation a special value of uo is 


l—a 


—(r—-y) 


un = 
’ l-—a 


The use of this value of wy suggests that (x — y)'~" is a factor of the solution 
of the given equation. In like manner from the second equation 


—(x —y)” 


_— 1—b , 


which suggests that (2 — y)'~’ is a factor of the solution of the given 
equation. 

From these suggestions it is inferred that (r — y) is a factor of 
the solution of the given equation. This inference is correct, for the relation 


1-—a— 


um (¢ —y)**”-v 
transforms the given equation into 


ov 1 — bor 1—adov 


oxdy x—yor'x—yoy 
By the preceding paragraph a solution of this equation is 
v= (r+m)*"(y+tn) 
The corresponding solution of the given equation is 


u = (x +m) Ky +m)’ — yr. 


LegicH University, February, 1911. 
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duality in spaces of higher dimensions is established. 

The treatment of Veblen and Young has the obvious advantage that 
a small number of undefined symbols is used and that consequently the 
number of assumptions is small. On the other hand, it would seem de- 
sirable to treat point and plane as space duals in the assumptions themselves. 
While this requires a somewhat larger body of axioms it avoids some rather 
intricate and slippery argumentations at the very outset. This consider- 
ation will be of greater importance in case the assumptions are used as 
basis for a first course in projective geometry. 

The purpose of this paper is to give an independent set of assumption 
which shall be sufficient for what Veblen and Young call general projective 
space.t 

The undefined elements are point and plane, each equally abstract and 
fundamental. Thus plane is not regarded as a class of points and the 
line does not occur explicitly at all in the assumptions. Point and plane 
are connected by two undefined relations ‘‘ point on plane’’ and “plane on 
point.”” These are entirely independent except as noted on page 15. Thus 
“Point A is on plane a’’ need not mean “Plane @ is on point A.” 


*A set of Assumptions for Projective Geometry, American Journal of Mathematics, vol. 
XXX (1908), pp. 347-380. 
tSee Veblen and Young, Projective Geometry, vol. I, pp. 29-33. 
tAmerican Journal, vol. XXX, p. 347. 
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In general points are indicated by Roman Caps as A, and planes by 
small Greek letters as a. 


1. A Set of Fundamental Propositions. 


I,. The class of points contains at least three elements. 
I. The class of planes contains at least three elements. 


II,;. Three points are on at least one plane. 
II,. Three planes are on at least one point. 


III;. On three planes there is at least one point. 
III,. On three points there is at least one plane. 


IV,. If points A and Bare on a plane a and C not on a, then A, B,C 
are on not more than one plane. 

IV;. Jf planes a and g are ona point Aand y not on A, then a, 8, y are on 
not more than one point. 


V,;. Two points are on at least three planes. 
V.. Two planes are on at least three points. 


DEFINITIONS. Points which are on two planes are collinear. 
Planes which are on two points are collinear. 

VI;. Not all points on any one plane are collinear. 

VI... Not all planes on any one point are collinear. 


Propositions I,---VI, are clearly dual with respect to point and plane. 
That is, the propositions remain unchanged if the words point and plane 
are interchanged. Hence any proposition which is a formal consequence 
of these propositions remains valid when the words point and plane are 
interchanged .* 

For proofs of the independence of this set of propositions see § 3. 


2. Theorems. 


The theorems of this section are all formal consequences of the assump- 
tions of §1. 

(1) THEoreM: Not all points are on any one plane. 

Proof. Suppose all points on a plane a. By I, there are at least two 
points A and B on a and by V, A and B are on a plane @ distinct from a. 
By VI, there is a point C on 6 and not on a Hence not all points are an a. 

(2) THeorem: If points A, B, C are on each of the distinct planes a 
and g and if A and B are on a third plane y, then C is on y. 

*For a discussion of formal deduction from assumptions stated in terms of abstract symbols 


see E. V. Huntington, The Fundamental laws of Addition and Multiplication in Elementary 
Algebra, Annals of Math., Second series, vol. § (1906), pp. 1-49. Especially pp. 2-4. 
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Proof. If C is not on y then the points A, B, C are on only one plane 
(IV,) contrary to the hypothesis that A, B, C are on each of the distinct 
planes @ and 8. 

(3) Tueorem: [f the points A, B, C, D are on the plane a and if no 
three of them are collinear then there is one and only one point E on a such 
that A, B, E and also C, D, E are collinear. 

Proof: By (1) a point F exists which is not on a and by II,, IV; the 
points A, B, F are on one and only oneplane 8 and C, D, F are on one and 
only one plane y. 

By III, there is at least one point F on the planes a, 8, y. 

If there is another point E’ on a, 8, y then by IV, F, E’, F are on only 
one plane. That is 8 and y are the same plane and A, B, C, D are collinear. 

(4) Turorem: Jf the points A, B, E are collinear and also C, D, E are 
collinear then A, B, C, D are on the same plane. 

Proof: Let A, B,C be on the plane a@ (II;) and let F be a point not on 
a(l). Let B, FE, F be ona plane g and D, FE, F onaplane y. Since A, B, E 
are collinear they must be on both a and £8 (2). Similarly C, D, E are on 
both a and y. Hence A, B, C, D are all on a. 

(5) Turorem: (a) Any two points are collinear. (b) If points A, B, C 
and also A, B, D are collinear then A, B, C, D are collinear. 

Proof: (a) is a direct consequence of V;. (6) Let A, B, C be on two 
planes a and 8, and let A, B, D be on planes a’ and gs’. Then by (2) C 
is on e’ and also on 8’. Hence A, B, C, D are collinear. 

It will be noted that the above theorems are all stated in terms of 
‘point on plane,’’ and that in the proofs only assumptions with subscripts 
l"are used. The duals of these theorems are: 

1’. Not all planes are on any one point. 

2’. If planes a, 8, y are on each of the distinct points A and B and if 
a and 8 are ona third point C then y is on C. 

3’. If the planes a, 8, y, 6 are on the point A and if no three of them are 
collinear then there is one and only one plane « on A such that a, 8, « and 
also y, 6, « are collinear. 

4’. If the planes a, 8, € are collinear and also y, 6, € are collinear then 
a, 8, y, 6 are on the same point. 

5’. (a) Any two planes are collinear. (b) If planes a, 8, y and also 
a, B, 6 are collinear then a, 8, y, 6 are collinear. 


3. Consistency of the Assumptions. 


It is customary to inquire whether a given set of assumptions is con- 
sistent, independent and categorical.* 


*For discussions of the properties of a set of assumptions denoted by these terms see Hunting- 
ton, loc. cit.; Veblen, Trans. Am. Math. Society, vol. 5 (1904), pp. 343-384, especially p. 346, 
and references cited in these papers. 
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That a set of assumptions is consistent is proved by exhibiting a concrete 
system in which the assumptions are satisfied and which for some reason is 
regarded as self-consistent. The assumptions of this paper are satisfied 
by a set of fifteen planes and fifteen points with seven points on every plane 
and seven planes on every point. In this system ‘“‘a plane is on a point” 
if “the point is on the plane” and conversely. In the following each 
column of seven letters represents a plane and each letter represents a point. 


(lt) @) 7 >) 7 (S) (9) (10) (11) (12) (13) (14) (15) 

A : B : D > 1D F F G G 
B ) Cc D 5 E F Ik G G A A 
H N | M L kx J II I kk 
D > E . i i G A A B B Cc Cc 

H Kx 4 Ix I O oO L J H 

I L } - I N H Kk I 0 L 
kK O O N N J M N M M N 


To the set of assumptions given above further assumptions may be 
added in a variety of ways to give more special geometries. Thus the last 
four assumptions of the Veblen-Young set may be added to make it cate- 
gorical as an ordinary projective geometry. 


4. Independence of the Assumptions. 


To prove that the propositions I, --- VI, of §1 form an independent 
set of assumptions it is only necessary to prove J,, I],, I1],, 1Vi;, Vi, Vii 
independent, for it follows by the same arguments that I, II., ---, VI. 
are independent among themselves. This establishes the complete inde- 
pendence of the whole systems far the propositions with subscripts 1 
cannot be used to prove a proposition with subscript 2 or vice versa since 
one set is stated in terms of ‘‘point on plane’’ and the other in terms of 
‘*plane on point.’’ The propositions to be proved independent are: 

I,. The class of points contains at least three elements. 

II,. Three points are on at least one plane. 

IIJ,. On three planes there is at least one point. 

I\,. If points P; and P, are on a plane a and P; not on athen P, P2, Ps 
are on not more than one plane. 

V,. Two points are on at least three planes. 

VI,. Not all points on any one plane are collinear. 

These are shown to be independent by the following systems. 

I,. A system in which no point exists. 

Propositions II,, ---, VI, are to be regarded as hypothetical as regards 
the existence of points and planes. Thus II, written out in full would 
read ‘‘If points and planes exist three points are on at least one plane.’’ 




























DUALITY IN PROJECTIVE GEOMETRY. 15 


II,. A system consisting of all planes in a projective geometry which are 
on one or more of seven points no four of which are coplanar and of all 
points on these planes. 

III,. A system consisting of the planes and points of Euclidian Geometry. 

IV,. A system consisting of system (A) given in §2, with the point K 
‘‘on’’ the plane (3). Then ABK are on the distinct planes (2) and (3) 
but A is not on the plane (1) while A and B are on this plane. 

\,. A system in which the vertices of a tetrahedron ABCD are points 
and any triad of these points are planes. 

VI. A system consisting of three planes on each of which are the points 
A, B,C. 

The assumptions of §1 together with the theorems deduced from them 
in §2 are sufficient to characterize a general projective space with the 
one exception that it does not follow from §1 that if a set of points is ‘‘on’’ 
a given plane then that plane is ‘‘on’’ those points. That is, ‘‘P, on a,’’ 
need not mean ‘‘a, on P;.’’ 

If now we define ‘‘ P; on a’’ to mean the same as ‘‘a; on P,;’’ then the 
assumptions of §1 are far from independent. That they are still consistent 
follows from the finite system (A), p. 14. The redundancy of the assump- 
tions in the presence of a reciprocal ‘‘on’’ was to be expected a priori, in 
as much as in that case the properties given in I, --- VI, in terms of ‘‘ point 
on plane’’ certainly determine some properties in terms of ‘‘ plane on point.’’ 

With a reciprocal ‘‘on’’ propositions I,, I:, I,, Il, 1Vi, Vi, Vii form 
an independent set of assumptions while the remaining propositions are 
consequences of these. This we now proceed to prove. 

III, and III, are immediate consequences of II, and II, respectively. 

Proof of IV... Given a point A on planes a and 8 but not ony. Suppose 
two points B and C on each of the planes a, 8, y. Since B and C are on y 
but A not on y, then A, B, C are on only one plane (IV,), contrary to the 
assumption that A, B, C are on @ and 3. 

Proof of V.. Given any two planes a and 8. By I:, Il; @ and 8 are 
ona point A. Let D be a point on a but not on 8 (VI,) and EF a point on 
8 but not on a By V,, three planes y, 6, « are on D and E. On a, 8, y 
there is a point A’ (II,); on a, 8, 6a point B’; and on a, 8, «a point C’. 
Hence on a, 6 are the three points A’, B,C. If A’, BY, C’ were not dis- 
tinct at least two of the three planes y, 4, « would fail to be distinct. 

Proof of Viz. We need to show that on a given point A on which are 
two given planes a and 8 there is a plane y not collinear with a and 8. Let 
B be a point in a and not in 8 and C a point in 8 but not ina. Then the 
plane y on A, B, C is not collinear with a and 8. 

To establish the independence of the remaining propositions of this set 


ee 


wees ore 


ne Te 





EE TOS LORE. 


oe el a el 


. ee Set ea ae 











16 N. J. LENNES. 


we note that the systems given above to prove the independence of I), II), 
IV,, V;, VI, are sufficient to prove the independence of these propositions 
in’the new set. 

We next prove,the independence of I,, Il. 

I,, A system containing no planes. 

II,. A system consisting of the points and planes of ordinary projective 
geometry with one point removed. 

CotumBia UNIVERSITY, IN THE City OF NEW YORK, 

Jan. 28, 1911. 





























A FUNDAMENTAL PARAMETRIC REPRESENTATION OF 
SPACE CURVES. * 


By LutTner PrAHLER EISENHART. 


Introduction.—In 1848 J. A. Serret + proposed the problem of solving 


the differential equation 


(1) ds? = dx? + dy? + dz’, 


where s, x, y, 2 are functions of a single parameter, and he developed a 
general method of solution, without giving, however, in simple explicit 
form the general solution of this equation. The same problem has been 
considered by Darboux{t on two occasions; his solution makes use of 
the idea of curves with parallel tangents. Applying this method he gets 
rather complicated forms for the solution of (1). The author, while studying 
certain surfaces whose middle surfaces are surfaces of translation, was 
brought incidentally to the following form of solution 


r=¢-—uyg ty, 
(2) y=¢e-—uy’—y, 


z=¢ + uy’ -y, 


and 


(3) s=¢' — uy’ + ¥, 


where ¢ and: y are functions of uw and the primes indicate differentiation 
with respect to u. However, five years ago Montcheuil § was brought to 
a similar result in the same incidental manner. Salkowski || made use of 
this result of Montcheuil in the discussion of certain problems. The 
present paper deals with an exposition of this form of defining a space 


*Presented to the American Mathematical Society, April 28, 1911. 

tSur lintegration de equation dx? + dy + dz? = ds*, Journal de Mathématiques, vol. 13 
(1848), pp. 353-360. 

tSur l'integration de l’equation dz? + dy? = ds? et de quelques équations analogues, Journal 
de Math¢matiques, ser. 2, vol. 18 (1873), pp. 236-240; also Sur la resolution de l’equation 
dx? + dy + dz = ds? et de quelques ¢quations analogues, Journal de Mathématiques, ser. 4, 
vol. 3 (1887), pp. 805-325. 

§Résolution de l'equation ds? = dz? + dy? + dz, Bulletin de la Société Mathématique de 
France, vol. 33 (1905), pp. 170-171. 

Ueber algebraisch rektifizierbare Raumkurven, Mathematische Annalen, vol. 67 (1909), 
pp. 445-458. 
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curve and with an investigation of certain problems for which this para- 
metric form is very suitable. Before proceeding to an indication of the 
various topies discussed, it should be remarked that equations (2) and (3) 
give in explicit form the codrdinates of minimal curves in four-space, which 
constitute an interesting generalization of the Weierstrass * formulas for 


minimal curves in three-space. 

In §1 we show that it is possible to put the equations of any curve, 
not a straight line, in the form (2), and in general in two ways. We shall 
refer to (2) as the normal form of the equations, u the normal parameter, 
and ¢ and y the corresponding normal functions. Other normal param- 
eters and functions of a similar type are discussed in §2. The expres- 
sions for the curvature, torsion and the direction-cosines of the tangent, 
principal normal and binormal are found in $3, together with a discussion 
of curves of zero curvature. 

In §4 the general problem of the congruence of non-minimal curves 
is stated in terms of normal functions and parameters, and in §7 this 
problem is reduced to the integration of Schwarzian equations. The results 
are similar to those obtained recently by Study,7 from a somewhat dif- 
ferent point of view. In §8 the methods are applied to the study of the 
exceptional case of minimal curves. Curves in a real plane are considered 
in §5, and curves on the minimal cone in §6. 

The question of algebraic curves is considered in §9, as well as the de- 
termination of a transformed form of equations (2) which is suitable for 
the discussion of real curves. 

1. Determination of u, ¢, ¥.—From (2) and (3) we have 


dx + idy _ dz — ds 


(4) dz+ds — dx — idy ~ 


Suppose now that we have a curve defined by 
(5) r=filv), y=filr), 2 = flv), 


where f, fo, f; are analytic functions of v for a certain domain of the latter. 
For the present we assume that 


(6) fi — ife + const. 
If we put 


(7) t= (fP +f +f, 


*Monatsberichte der Berliner Akademie (1866), p.619; also Eisenhart, Differential Geometry, 
p. 49 (hereafter a reference to this book will be in the form E. p. 49). 

tZur Differentialgeometrie der analytischen Curven, Transactions of the American Mathe- 
matical Society, vol. 10 (1909), pp. 1-49; also Die Natiirlichen Gleichungen der analytischen 
Curven in Euklidischen Raume, Transactions of the American Mathematical Society, voi. 11 
(1910), pp. 249-279. 
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where the primes denote differentiation with respect to v, then in com- 
parison with (4) we note that the functions u, ¢, y defined by 
8 Sar @ w ife) =ye—Uu 4(fi — fe) = 5-. 
( ) fi- if; » 2 fi + fr) ¥ du’ ” fi fz) du 
enable us to write equations (5) in the form (2),* and thus are a normal 
parameter and normal functions. 
Furthermore, the equations 
fi+t i. dg dy 
—~»p =, if) =e—t,_, Rf — tf) = >5- 

Pp wee if; 2 fi + fo) ¥ di’ * fi fo) di’ 
determine a second normal parameter @ and normal functions ¢ and 
by means of which the equations of the curve can be given the normal 
form. It is evident from their manner of definition that there are only 
two sets of normal parameters and functions. 

From (8) and (9) it follows that u = a, when ¢t = 0, that is when C is 
minimal. In this case, 

(10) ge’ —uy”’ =0. 


(9) 


We proceed to the determination of the relations between the two 
sets u, ¢, y and a, ¢, y. Equations (8) are identically satisfied by 


. , , 
f=¢e-u’ty, t=¢e-—ue' — vy, 
wer ” 


(11) 
fp=e’tuy—y, t=uy’-e¢, 


and equations (9) reduce to 


Pi 
¥y a 


y” » 
where the primes refer to differentiation with respect to the corresponding 
normal parameter. If the last two equations be differentiated with respect 
to wand the resulting equations be divided, the result is reducible by (12) to 


(12) ui = —tg =e-—uy’, v =v, 


ey 


(13) “u= a 
¥ 
which is in keeping with the symmetry of the equations. 

From the last of (12) we have, by means of the first of (12), 


(14) j= f y'dii =f v5) du = v(Y.)- ¢’; 


*It should be observed that ¢ is determined thus only to within the additive function cu, 
where c is an arbitrary constant; the effect of taking c+ 0 is merely to increase z by c. A similar 
effect is produced by the undetermined additive constant in ¥. 
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where we have disregarded an additive constant. In similar manner we , 
have from (13) 
7 
¢g 
y" 


(15) uo’ + (uy’ — y) 


Furthermore from these values we find 


(16) s=¢ -iyY’+yY=-s. 

It remains for us to consider the exceptional case (6) which thus far 
has been excluded from the discussion. In this case we replace equations 
(8) and (9) by the unique set 


fi 4. af dy : 
. . cS ae ois u, y == cut+ d, ee 


(17) 


or’ 
“Js 
where c and d denote constants. 

Unless ¢ = 0, equations (8) and (9) may be written 
7 l 7 +] 


_, = U, —— a= 
a-—ip a-— ip 


(18) u 


, 


where a, 8, y denote the direction-cosines of the tangent. 

From (18) it follows that in the case of a non-minimal straight line, 
that is a curve whose tangent has the same direction at every point and 
for which ds + 0, both u and aw are constant, and conversely. The same 
is true, furthermore, when the straight line is minimal, as follows from 
the general equations of such a line, namely * 


l+a’ 
n 


2 


(19) = 


vl, y= v, Z=atr, 


with the difference that in this case u and @ are equal to one another. Hence 
it is impossible to give a straight line parametric representation of the 
form (1). 

We proceed to the consideration of the case where one of the normal 
parameters is constant, say @ = c Then from (12) we have 


(20) e" = cy". 
In this case equations (2) reduce to 
r=cy—y'(cu — 1) +5, 
(21) y=cy—wWi(cu+ 1) +5, 
z=(c+u)y’—yta, 


where a and b are constants. It is readily shown that the curve defined 
by (21) lies in the isotropic plane 
*E. p. 48. 
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(22) (l—c*)r+i(1+c’)y + 2cz =A, 


where A is a determinate constant. Conversely, equation (22) defines 
the general isotropic plane, and the condition that the functions (2) satisfy 
this equation is reducible to 


(23) (u —c)(¢’’ — ey’) = 0. 


Hence (20) is the necessary and sufficient condition that the curve lie in 
an isotropic plane. It should be remarked that (17) corresponds to a 
special case of (20). 

Gathering together these results we have the theorem: 

When an analytic curve is defined by equations 


t=filr), y=frlr), 2 = fs(v), 


for values of v within a domain R, the functions u, ¢, y~ determined by (8) 
lead to a representation of the curve in the normal form. In general there is 
a second set of normalizing functions defined by 

ae ad y’ av? 

y” g=¢— uy’ + (uy — y¥) y y= y” —¢. 

When the curve is minimal, the two sets of functions are the same and con- 
versely. When the curve lies in an isotropic plane, one of the normal param- 
eters is constant, and conversely. For a straight line, minimal or otherwise, 


the representation is impossible. 
In illustration of the foregoing we observe that for the circular helix 


(24) i= 


zr=acosv, y=asinv, z= br, 
the normal parameters and functions are of the form 
ec, = 
u=—e"*, c=b—Va'+ B’, 
a 


la*u 7au 
o(u) = 5%" (1 — log"), 


y(u) = ye(1 ao log"). 


c 


The parameter a is obtained by replacing ¢ by c, where 
c=b+Va'°+ 6b’. 


The functions ¢ and ¥ are of the same form as the above with ¢ and @ in 
place of c and wu respectively. 
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2. Other Normal Parameters.—We have observed that there are at 
most two normal parameters in terms of which the equations of a curve 
may be given the form (2). In stating this facet we mean the precise form 
(2), for, as we shall show, there are other normal forms analogous to (2). 
In fact, we shall prove that it is possible to express the coordinates in a 
similar form in terms of a parameter uw, defined by 


au +b 


cu + d’ 


where a, b, c, d are constants, which without loss of generality may be 
chosen to satisfy the condition 


ad — be = 1. 
To this end we observe that the equations 
(aut+ b)g du = ue, (udu, 
(cut dg du = ¢, (u,)du,, 
and like ones in ¥ and y, are consistent and may be replaced by 


au+b ; ¢ y 


u; = », (4) = (u,) = . 
nea oo cu+d’ vilty cu+d 


Solving these equations for u, ¢ and y, we obtain 


_b-—du ¢1 Wy 


g= y= 


= ’ ’ 
Cu; — a a- Cu 


a— cu, 

When these values are substituted in (2) and (3), the latter become 
r= d(¢, — uW¢,) + be, + ay, + ely, 
iy = dg, — wW¢,) + be, — ab, — ely, — wy), 


z= ag, + cly, — wW¢,) — by, — dly, wy,), 


$ = a¢, + cl¢, i U¢,) + by, + d(y, wUyY,); 


which expressions are a generalization of (2) and (3). 

In order to interpret this result, we observe that if s be replaced by 
zt in (3) and in the foregoing equations, these equations and (2) define 
in terms of the respective parameters u and u; a minimal curve in Euclidean 
four-space, as follows from (1). 

If we denote by x, y;, 2:, 4 the codrdinates of a minimal curve for 
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which u, is the normal parameter in the sense of §1 and g,, y are the normal 
functions, so that 


H=eH-—Uath, MW=4-ue—H, 
Z=gtuy-h, t=¢-uwty, 
the preceding set of equations is expressible in the form 
x = 3[(a+ d)x, + (d — ajiy, + (b — cha, + (6 + c)ity], 
y = 3(a — djiz, + (a+ d)y, — (b+ cjiz, + (b — ot], 
z= Sle — ba, + (b+ chim + (a +d) a+ (a — dit], 
a[— (b + c)ixm, + (ce — bly + (d — adizs + (a + )ty]. 


Since these equations define an orthogonal transformation, of determinant 
+ 1, of four-space, we have the theorem: 

When the equations of a curve of Euclidean three-space are expressed in the 
form (2) in terms of a normal parameter u, it is possible without quadratures to 
express the codrdinates in analogous form in terms of a parameter u,, where 


au+b 
u = 
+ cu +d’ 


a, b, c, d, being constants satisfying the condition ad — be = 1. This trans- 
formation of parameters may be effected by the rotation of the minimal curve 
of codrdinates (x, y, z, — is) in Euclidean four-space.* 

When the curve is defined in terms of a general parameter v as in §1, 
the parameter u, is given by 


_af,;—) + 0, — ¥)) 
“a cf, —0 +d(f.-¥f;) 
Moreover, the second parameter i is given by 
_ait+b_ ag’ +b _ ag, + by,’ 
1 ci t+d ce +dy” cy, + dy, 
3. Radii of Curvature and Torsion. Curves of Zero Curvature.—The 


equation 
d?x \* d*y \? s\* ( ) 
1 (Sa) + (33) + (S:) ~ \ du? 


(25) a ie 


p” ds \4 
du 
*The converse of this result is true, as will be shown in a subsequent paper dealing with 
minimal curves and surfaces in Euclidean four-space. 
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giving the radius of curvature of a curve, is independent of the real or com- 
plex character of the parameter u.* When the expressions from (2) and 
(3) are substituted in (25), it becomes 

(26) 1 = 4(y"” y”’ noe Pd yw") 


p ( yg’ — uy’) 4 
It is equally true that the derivation of the Frenet formulas 7 


an) da _I ns *.? 


dsp’ ds pT T 
is not conditioned by the character of the parameter u. In (27) a, 1, % 
denote the direction-cosines of the tangent, principal-normal and binormal 
with respect to the z-axis; with respect to the other two axes they are 3, 
m, » and y, n, v, respectively, and these direction-cosines also satisfy (27). 
Furthermore ; denotes the radius of torsion. Its expression, derived fromt 


dx dy dz 
du du du 


p> =. d®x d*y d*z \ 


~~ ( ds ) du? du? du?’ 


du (dx déy dz | 
du} du® du® | 
is reducible in terms of the normal functions and parameter to 
Ran i[* log p 4 (uy’” — ¢’’)’ 4 2y”’ 
| ds (up — 9)? © (up” — 9”)? |’ 


where the primes indicate differentiation with respect to u. 
From (2) and (3) we find the following expressions for the direction- 
cosines of the tangent, 


(30) a=(y"’ —ug")A, B= iy’ +tuy")A, y=(e"’+uy”)A, 
where for the sake of brevity we have put 
(31) A =(¢" —uy”)“". 


By means of (27) we obtain also 


(29) 


T 


l= pA{BIL— u2) — — v’”)], — ipAB(1 + u?) + te + py’), 
n = 2A[Bu + ov], 


(32) 





*Cf. E. pp. 9, 10. 
fE. p. 17. 
tE. p. 21, Ex. 11. 





FUNDAMENTAL PARAMETRIC REPRESENTATION OF SPACE CURVES. 25 


and 


N= —tpA|B(1—u*)+(¢'"—-y'”)], w= pA{B(1+u’)-(¢'"+y'")], 


(33) ; 
vy = — 2ipA*(Bu — oy’), 
where we have put 


(34) B = gy” y’”’ iio, go” y’”’. 


From (26) it follows that the necessary and sufficient condition that 
the first curvature of a curve be zero is that (20) be satisfied, or that either 
yg’ or ¥”’ be. zero. We have seen that when (20) is satisfied the curve lies 
in the plane (22). Furthermore, when ¢” or y” is zero the curve lies in 
the plane x + cy = const. or x — iy = const. respectively. The converse 
of these results being true we have the theorem* 

The necessary and sufficient condition that the first curvature of a curve 
be zero at all its points is that it be a straight line or a curve in an isotropic 
plane. 4 

4. Congruence of Space Curves.—By analytical processes, which are 
independent of the character of the parameter in terms of which a given 
curve is defined, it can be shown that a necessary and sufficient condition 
that two non-minimal space curves be congruent, in the Euclidean sense, 
is that one of the following three sets of equations be satisfied by the linear 
element and the radii of curvature and torsion of the two curves: 


d d 
= = f(p), T= ¢(p); = const., rd = o(r); p= const., T= const., 


the functions f and ¢, or the constants as the case may be, being the same 
for both curves.t 

If we exclude the case where either p or 7 is constant, or both, it follows 
that if two curves are defined in terms of parameters v; and v2 respectively 
the necessary and sufficient condition that the two curves be congruent, 


in the Euclidian sense, is that the equations 


d dpe 
pi(t;) = pelts), 71(¥1) = 72(t), si(¥1) = S2(U2), a = a 


be consistent. Evidently one of the last two is a consequence of the other 
and of the first two. Hence, p, 7, s and dp/ds constitute a set of char- 
acteristic invariants, to use the terminology of Study.f 

From (16) it is seen that the interchange of the normal parameters u 
and a effects a change of sign in the linear element of the curve. Hence 


*Cf. E. Chapter 1. 

tLie, Vorlesungen uber Continuierliche Gruppen, Leipzig, 1893, pp. 684-686; also, Scheffers, 
Anwendung der Differential und Integral Rechnung auf Geometrie, Leipzig, 1902, vol. 1, p. 207. 

IL. c. . 24. 

+ »~P 
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the question of sign does not in general cause any difficulty in determining 
the curves congruent to a given curve, when the latter is defined by equa- 
tions in the normal form. In consequence of (3), (26) and (29) we have 
accordingly the theorem: 

The problem of finding curves congruent to a non-minimal space curve C, 
with its equations in the normal form, reduces to the solution of the equations 
obtained by equating the functions 


yer ”r ” ovr 
A / 


¢ ¥v = Mv 
Ad 


(oe — uy’)! 


peraee yryeer , 
a ee 

, ,/ ’ > ¥ gy Yy 

¥y —_ uy -- yy; aa "ry 4 \¢ 
(og — uy ) 


to similar expressions in u, 1, vi, where the latter are to be determined ; of 


(35) 


these equations the first two and either one of the last two constitule a suf- 
ficient set. Incidentally we remark that the second of (35) is the function 
i/r + 1/p do/ds, to within algebraic sign. Hence from the present point of 
view this invariant takes the place of + which is usually used. A fuller 
significance of this will be seen later ( §7). 

5. Curves in a Real Plane.—-If we put 


! 


¢ +uy’ —y =0, 


the curve (2) lies in the plane z = 0. In this case equations (2) reduce to 


I= 2/ydu — 2a + (14+ uv )y, 


, 


iy = 2fydu — Quy — (1 — w)y’, 
and the arc is given by 
s = 2(y — uy’).* 
Furthermore, the curvature is given by 


9 


p a oe 4u'y’”, 


and the are of the circular indicatrix of the tangent, namely ¢ = fo lds, 
is such that 


If the additive constant arising from the integration of the last of equations 
(12) be taken equal to zero, we have 


Y=-y, Y-wW=-(y—-—wy’), Wp’ = — uy", 


*Whe eo oe i a isl . _ . 
When the reader compares the expressions for z, y, z, with (67), he will observe that plane 
curves may be looked upon readily as minimal curves in three-space. 
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where in each case the primes indicate differentiation with respect to the 
argument. 

From the foregoing results it follows that the determination of the 
curves congruent to a plane curve whose equations have the above form 
consists of the solution of the equations 

/ 9 9 A 
w-wh = yw, up’ =uy", 
and of 
w-wh = y-uw, up" =—wy", 
where y; is a function of uw. 
The general solution o! the former is 
u=cuy w= yt+eu, 


and of the latter 
c 


a £ € 
u“u= , * [vdu-y+', 


u 

where c and e are arbitrary constants. 
When these values are substituted in equations for x; and y; analogous 
to those for x and y, the resulting equations are expressible in the forms 


1 ‘ 
ry ol + c*)x — (1 — c*)iy + 2¢], 


] ; , 
9, —c)ir + (1 + c*)y + 2e, 
and 


I . 
= 9 Ll +c)r+i(1-—- c*)ry = 2e], 


l , 
Yi ae —c)ix — (1+ c)y + 2ei], 


respectively. 

We shall close this section with the determination of plane curves of 
constant curvature 1/a. From the expression for p it follows that such 
curves are characterized by the equation 

duty’ = -a’, 
from which we obtain 
ai 
v=, logu+bu+ce, 
where 6 and ¢ are constants. 

Substituting in (2) we have 
ai 
2u 


(1+ wu’), 


ztx=b+et+ “ (l—u*), wty=e-b—- 


so that 


[x — (6 + e)]* + [y — 16 — €)]? = a’. 
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$6. Curves on the Minimal Cone, or Sphere of Zero Radius. Before 
considering further the problem of congruence of curves in general it is 
necessary to study in particular the curves which lie on the minimal cone, 
or sphere of zero radius, whose equation Is 


(36) r+y?t+27 = 0. 

The necessary and sufficient condition that a curve whose equations are 
in the normal form (2) lie on the cone (36) Is 

(37) (y’ — uy’ — yy)? + 4y’'(¢ — uy) = 0. 

If we put 

(38) 

the preceding equation reduces to 


(39) fiy’—f") = 0. 


When f = 0, and thus ¢ = uy, equations (2) become 
(40) r=(l—wu’*)y’, y=iul+u*)y’, z= Quy’. 
Furthermore, from (26) we have 
— 2y'y 


(2y’)4 


(41) ti 
and from (3) 
(42) ‘ oii. 


When f + 0 in (38), the corresponding equations (2) are reducible by 
means of (39) to 


r= — (uf —fy tf", 
(43) iy = — (uf’ —f)? -f", 

z= 2f'(uf’ —f). 
When one applies (24) to these equations and determines the functions 
a, ¢, and y, he obtains 


- 1 
i=u-4, $= 7 I VOD, F=S'4. 


From these follows the relation ¢ — af = 0, and consequently the ex- 
pressions (43) are transformed into the forms (40). Conversely, it is 
readily shown that in terms of the second set of parameters and functions 
the equations (40) assume the form (43). Hence we have the theorem: 

The curves on the cone x* + y?+ 2? = 0) are characterized by equations 
of the form (40) and there is only one such representation of the curve for a 
given set of codrdinate azes. 
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We pass to the consideration of the congruence of two curves defined 
by equations of the form (40). In this case the expressions (35) reduce 
respectively to 












ORE re SS IT ae ery 






/ 3y’”” —_ Qy’ yl" 3y’” = 2y’ y" a 
9 : = 
- ayy MH (ae) age 
If equation (42) be differentiated with respect to s, we obtain 
‘ o dy du " | 
(45) ~ du ds ; 















in consequence of which we find that 

3y’”" =e Qy'y'”’ ou'u’”’ _ 3y'"" 
Dy')4 7 200 
(2y") 4u’ 





? 














where the primes denote differentiation with respect to u and s respectively 
\ in the left-hand and right-hand members of the equation. Consequently 













\ in this case the general theorem of $4 assumes the following form similar } 
to a theorem due to Study:* ; 
To each Schwarzian equation 
' 9 3 
,_ 2uul — Bu 
(46) iu, $5 = 94"? a 3f(s), 












determined by a function f(s), there belongs a class of congruent curves, 
lying on the cone x* + y? + 2° = 0, each curve being determined by a solution 4 
u of this equation; the function f(s) is the square of the first curvature of the 
curve; and the equations of the curve are 

1— wv .(1 + u*) u 
= y=1 —-, £= 


Qu’ ’ Qu’ ’ ~ yl 







(47) 





It is readily found that these coordinates are solutions of the equation 





(48) 0’ + of + 35'0 = 0, 






where the primes indicate differentiation with respect to s. 
There is a result analogous to the preceding arising from the consid- 
eration of equations (43). Corresponding to (41) and (42) we have 


(49) P=ff’, s=Ay— ff’). 


Since the second of the expressions (35) vanishes identically, the foregoing 
constitute a set of characteristic invariants. From (49) we have 







ds 9 du 


p” “fp 
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so that if we introduce a parameter o defined by 


(50) : \s. 


* p 
and indicate by primes derivatives with respect to ¢, we have 
Barlast? ‘ ree 
is 2uwul — bu — 
(51) u,o; = a = Zp’, 
Zu” 


and equations (43) become 


uu’ 
_ 1 sci s2 
Pu 


i 
_7 e+ 


u’ (uu 
Zz = , ——— l . 
u \2u™ 
Combining these results with the preceding theorem, we obtain the 
result : 


To each solution of a Schwarzian equation 


iu, t} = Tf(d), 


there correspond tivo curves on the cone x* + y? + 2° = 0: for one of them t is 
the arc and f(t) the square of the first curvature; for the other t is equal to 


1 (ds 
:} p- 
and f(t) is four times the square of the radius of curvature; when a solution 
is known the finite equations of the curve can be found without quadrature. 
7. Curves in General which are not Minimal.—The foregoing theory 
of curves on a minimal cone may be applied to any non-minimal curves, 
since there are associated with any such curve two simple curves on a 
minimal cone. The codrdinates of these curves are 


(53) £=p(l+id), n= plm+ipn), £ = p(n+ i), 


(54) —=p(l—ir), 7 = p(m— in), F = p(n — iv). 

Evidently the factor p is unessential as far as determining the fact that 
these curves lie on the cone 2? + y? +z? = 0. However, this factor 
enables one to put the expressions in the desired form, when the values for 
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l,m,n; , », v from (32), (33) are substituted. 
means of (12) to 


In fact, they reduce by 



















(55) g=(l—w)y,, 2=i1lt+u)yj, ¢ = 2u'y, 
(56) $€=(1-—W)),, n=l + wp, F = ay}, f 
where ' 
(57) vi = (uy -— ¢’), Y= Sad” - @’). 






From (42) it follows that the ares s; and s, of the curves (55), (56) are 
given by 


(58) s; = 2y = (s + c), 31 = 2y; = «= (s a Cc). - 






Since these additive constants c, ¢ may be equated to zero, we have the 
following theorem: 

Any analytic curve, which is not minimal, may be represented upon the 
minimal cone x* + y* + 27 = 0, in two ways, such that the curvilinear 
distance of two points on each conical curve ts equal to the curvilinear distance 
between the corresponding points on the given curve. We shall speak of the 
curves (55), (56) as the conical representations of the given curve. 

When the expression (57) for y; is substituted in an equation similar 
to (41), we obtain the following expression for the curvature of (55) 






Se ee ageere 






PT FT 






es ee 














(59) 








where M denotes the differential invariant 







a 1 dp 


(60) M=-+> 3 







From (59) and (46), we have that the determination of curves on the 
minimal cone which are congruent to the conical representation (55) of a 
given curve requires the integration of the Schwarzian equation 


2u'u!” — Bul” 1 ( 1 dM _ u*) 






(61 ‘u.s' = - == =- 
) oe ou” 2 p- ds 






where s denotes the are of the given curve. 
In consequence of (57) and (45), the first of equations (58) may be 
written 


(62) 












, 
yg’ — uy’ Se 








where the primes denote differentiation with respect to wu and s respect- 


32 L. P. EISENHART. 


ively. Differentiating this equation with respect to s, we obtain 


? 


AAC u 
(63) (gy — up’) = —~ 3» 


u 


and consequently equation (29) may be written 


" 
where primes have the same significance as in (62) and (63). 
Conversely, suppose that we have a solution u of equation (61). From 
(62) and (64) we obtain two functions ¢ and y, which when substituted 
in (26) and (29) show that the curve determined by these functions has the 
same intrinsic equations as the given curve. Hence we have the theorem: * 
The determination of all curves congruent to a given curve, requires the 
integration of the Schwarzian equation (61) and quadratures. 
For the other conical representation we have analogous to (61) the 
equation . 
(65), iii, s' : s+ 


, 2a" ds 


O6' a! «. Sa"" dM ir) 


where 
ldp 7 ldp i 


M= 


pds ' pds 7° 

From (62) and (64) it follows that the solution of (65) corresponding 
to a solution u of (61) is given by 
(66) a =u — Qu’ (Mw + u”)-. 

8. Congruence of Minimal Curves. By means of the theory of curves 
on the minimal cone we are able also to handle the exceptions to the the- 
orems of §4 and to establish a criterion for the congruence of minimal 
curves. 

If we take the equations of a minimal curve in the Weierstrass form + 

x= (1 — u*)f"’ + 2uf’ — 2f, 
_ » —— 9 t 9 / € 
(67) iy (1 + u*)f”’ + Quf’ — 2f, 
2 = 2Xuf” — f’), 
we obtain on differentiation 


d 
d 


*Cf. Study, |. ¢., pp. 259, 260. 


TL. c. 


x ee 
ca ory » 4 


(68) du 


ovr dz mn 
=—(1+4’)f", a = 2uf’”’. 
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If we put 
(69) do = 1 2f'"du, 
it is readily found that 


d2x\2 d?y \? d2z\2 
(ie) +(33) +(i::) =e 


Hence a is the are of the following curve 


. . l-w. , Ul+tu?), 2u 
(70 x= vf", Y= Vf", Z2= 
_ V2 J V2 J V2 


/guer 
vf"; 


which evidently lies on the cone x? + y*? + 22 =0. In §6 it was seen that a 
given curve on this cone admits of only one such representation for given 
rectangular axes. In like manner it may be shown that a given minimal 
curve admits of only one such set of equations as (67) for given coérdinate 
axes. Hence the problems of the congruence of minimal curves and of 
the curves (70) are equivalent. 

Comparing equations (70) with (40) we have 


| aad 


V2 


y’ 


from which it follows that 
ayy!" a 3y’" _ yer" = ftv? 
(2y’)4 i 
Qy'y'” = wry 1 , 9 ations = aad 
ee == Ses oo ee a). 
(an ava T" — ) 
Hence from (44) we have the following theorem :* 
The functions 


_ aps’ — 5 


Js —_ agit's ’ 


J af"s = 1sf’”’ iv 79 - sf" 
a ie 
constitute a set of characteristic invariants for a min imal curve. 
9. Algebraic Curves.—Real Curves. It is evident that if ¢ and y in 
equation (2) are algebraic functions of wu the’curve is algebraic. We 


consider the converse problem. 
Suppose that a curve is defined by two algebraic equations 


filz, Yy; 2) _ QO, f2(x, Y; 2) = 0. 


*Lie, l. ¢., p. 704. Also Vessiot, Sur les courbes minima, Comptes rendus, vol. 140 (1905), 
pp. 1381-1384. Also Study, |. ¢., p. 39 and pp. 253-255. 
3 











34 L. P. EISENHART. 


Then y and z are expressible as algebraic functions of x, and consequently 
u as defined by an equation similar to the first of (8) is an algebraic function 
of x. In like manner y and z may be shown to be algebraic functions of u. 
Hence we have the theorem: 

The necessary and sufficient condition that a curve defined by equations in 
the normal form be algebraic is that the codrdinates be algebraic functions of 
the normal parameter. 

An immediate consequence of this theorem is that the functions 


, , , 
g—ug, v¥, ¢ — ¥; g—uy 


must be algebraic functions of u. To these may be added the function 
s — 2y, from which follows the theorem: 

The necessary and sufficient condition that the arc of an algebraic curve be 
expressible algebraically in terms of the coordinates of its end points is that 
¢g and y be algebraic functions of u. 

Algebraic curves of this sort have been called algebraically rectifiable 
by Stickel.* 

Since ¢” and y” are algebraic functions of u for all algebraic curves, 
and consequently p and ; are algebraic, we have the theorem of Salkowski:7 

Every algebraic curve which is characterized by an algebraic intrinsic 
equation f(s, p r,) = O ts algebraically rectifiable.t 

In certain cases it is desirable to know whether or not a curve is real. 
We shall show that there exists a transformed set of equations in which the 
functions and parameter are real. 

From (2) and (3) it follows that the functions 


(71) g, uv—y, ¢g—u’t+y, il¢ 
are real for a real curve, and conversely. If we put 
u=pt+4, 


then from (8) it would be possible to determine p and q as functions of the 
general parameter v, and thus we should obtain a relation between p and q. 
This is unessential except in that it tells us that we may put 


a g(u) = P'(p) + QQ), 


*Ueber algebraisch rectifizierbare Raumcurven, Mathematische Annalen, vol. 43 (1893), 
pp. 171-184. The fundamental theorem of this paper is the following: The necessary and sufficient 
condition that an algebraic curve be algebraically rectifiable is that it be an evolute of an alge- 


braic curve for which the sine of the total torsion, namely se. is an algebraic function of the 


coordinates. 
TL. c., p. 446. 


¢The question of algebraically rectifyable curves has been touched upon also by Darboux, 
l. c., p. 316. 
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where the primes indicate differentiation with respect to the argument 
(the significance of this choice will be seen presently). Since ¢’ is real, 
it follows from the equation 


dy = ¢'(dp + idq) = P"'dp + iQ’'dq, 
that 
y’ _ Pp” —_ Q” = g, 


where o is introduced for the sake of subsequent brevity. From these 
results and the fact that the last two of (71) must be real we find that 


y =P’ — pP” — 1(Q' — qQ”) 
and finally 
y = 2P — pP’ + 2Q — qQ’ + i(qP’ — pQ’). 

When these values are substituted in (2) and (3) we obtain 

x = 2(P’ — po), y = 2(Q’ — qo), 

z=o1—p?—q)+2(pl” —-P + q — Q), 

s=o(1+ p?+q°) — 2(pP’ — P+ qQ’ — Q).* 

In terms of these functions, we have 


" oF Olt +H) 
g¢ —uUu = QQ’ 4. iP’ 7 ’ 


1 snes 
p” 1 4+ p* + g Pp" qr . 


._ 1 


“= 


yp — ig 
The last of these is an evident consequence of the definition of @ and u. 
] 
PRINCETON UNIVERSITY. 


*Cf. Montcheuil, 1. c. 











GENERALIZATIONS IN THE THEORY OF NUMBERS AND THEORY 
OF LINEAR GROUPS. 


By MiILpRED SANDERSON. 


1. Condition for an inverse. — The term function is here used to denote 
a rational integral function of y with integral coefficients. employing 
a fixed integer m and a fixed function P(y), we shall say that two functions 
are congruent modulis m and P(y) if their difference can be given the form 
mq(y) + PiyQy); also that fly) has an inverse fi(y) if fly) -fily) is con- 
gruent to unity modulis m, Piy). Then f(y) and fiy) + k(y)P(y) have 
the same inverse, so that we may restrict attention to functions of degree 
less than the degree r of P(y).. We proceed to prove the 

THeorem. Jf P(y) ts of degree r and is irreducible with respect to each 
prime factor of m,a function R(y) of degree <r has an inverse modulis m and 
P(y) if and only if the greatest common divisor d of the coefficients of R(y) 
is prime to m. 

We have R(y) = dF(y). For any function R,(y), we may write 


RyRy = dRiiy) + PaypQy), 


where R.(y) is of degree <r. If R,; is the inverse of R, then dR.(y) = 
(mod m), identically in y, so that d must be prime to m. 

Conversely, if d is prime to m, Riy) has an inverse modulis m, P(y). 
We first prove by induction that R(y) has an inverse modulis p’, P(y), 
where p is any prime factor of m, and e any positive integer. This is a well 
known fact for the case * e = 1. Assume that R(y) has the inverse P,(y) 
modulis p—!, P(y), so that 


RR, = 1 + aly)p 7! + Aly) Py). 
Since F has an inverse modulis p, P(y), we can choose S(y) so that 


RS(y) = — aly) + pfly) + Fly) Py). 


Then F is seen to have the inverse R, + Sp! modulis p’, P(y). 
It remains to prove that if R(y) has the inverse R,; modulis m, P(y), 
and the inverse FR, modulis m, P(y), where m; and m, are relatively prime, 


*Serret, Algébre, vol. 2, ch. 3, sec. 3; Dickson, Linear Groups, § 7. 
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then PR (y) has an inverse modulis m = mym, P(y). Set ‘ 






RR, = 1+ maj,(y) + Aify)P(y), RR. = 1+ marly) + Ac(y)P(y). 


Then 










teed attend Ocmaaianee a3 


R(m.R, — mR2) = me — m, + may — a2) + (mA, — mM A2)P(y). 





Since m.—m, is prime tO m, we can determine an integer k such that 
(mz. — m,) = 1 (mod m). Then k(mkR, — mR.) is an inverse of R 
modulis m, P(y). 

2. Number of Classes of Residues Having an Inverse.—Any function 
of y is congruent modulis m, P(y) to a residue 








aly) =a tayt+---+a_y" 





each of whose coefficients a, belongs to the set 0, 1, ---,m-—41. The 
number of ways of choosing r integers a; from 0, 1, ---, m — 1, such that + 
the greatest common divisor of the a; is prime to m, is* 


(1) n =([m, rem (1- ale - 4 vee (1 _ At 
Pi P2 P, 


where p,, ---, p, are the distinct prime factors of m. Hence there are 
exactly n classes of residues moduli m, P(y), each having an inverse. The 
notation ¢,(m) is often used for this important generalization [m, r] of 
Kuler’s function ¢(m). 

3. Generalization of Fermat’s Theorem.—I/f the remainder of degree <r 
obtained on dividing fly) by P(y) has coefficients whose greatest common 
divisor is prime to m, and if P(y) ts irreducible with respect to each prime factor 
of m, then 
2) fi” = 1 [modd m, P(y)). 





















Denote by R,, ---, R, the distinct residues having inverses modulis 
m, P(y). Then R,R,, ---, R,R, are congruent to Ri, ---, R, in some order. 
Comparing the products, we get R’ = 1 [modd m, P(y)]. 

For the case in which m is a prime p, we have n = [p, r] = p’ — 1. 
The theorem is thus a generalization also of Galois’ theorem that 











(3) f’— = 1 [modd p, P(y)], 





if f(y) is not divisible by P(y) modulo p, and P(y) is irreducible modulo p. 
4. Two-fold Generalization of Wilson’s Theorem.—The product of the 
distinct residues R,, ---, R,, having inverses modulis m, P(y), ts congruent to 






nd 








*C, Jordan, Traité des substitutions, § 124. 
, 
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— 1 when m is a power of an odd prime or twice the power of an odd prime, 
or when r = 1, m = 4. In all other cases, the product is congruent to + 1 
modulis m, P(y). 

The product is congruent to (— 1)**, where s is the number of residues 
R, whose square is congruent to unity. The proof is analogous to that 
of Gauss’ generalization to any composite integral modulus of Wilson’s 
theorem. 

5. Theorem. Left A(y) and By) be functions each of degree less than 
the degree of P(y), which is irreducible with respect to each prime factor of m. 
If m and the coefficients of A(y), Bly) do not all have a common factor, there 
exist functions aly), Bly) such that 


(4) a(yiA(y) + By)Bly) = 1 [modd m, Py). 


Let A(y)=aA,(y), Bly) = bB,(y), where the greatest common divisor 
of the coefficients of A,(y) is prime to m, likewise that for B,(y). Since the 
greatest common divisor of a, b, m is 1, there exist integers a,, b; for which 
aa+bb=1(modm). Then aly)=a,A;'(y), Bly) =6,By'(y) satisfy (4). 

6. Theorem. There exists a function P(y) of any assigned degree r 
which is irreducible with respect to any assigned prime moduli p,, «++, p.. 

As well known, there exists a function P,(y) of degree r irreducible 
modulo p, We may take 
(5) Ply) = Dp + + Pair DLP). 


i=1 


7. Generalized Linear Substitutions.— We consider substitutions 


(6) r= > c,,(y)x, {modd m, P(y)] 


in which the c,; (y) are rational integral functions of y with integral coef- 
ficients such that the determinant ¢,(y) has an inverse modulis m, P(y). 
Then the substitution has an inverse. Every such substitution is the 
product of substitutions of two elementary types, the one altering only 
one variable z,, replacing it by x; + c(y)x,; the other altering only one 
variable, multiplying it by a function l(y) having an inverse. 

The order of the group G(m, r, v) of all the substitutions (6) is 


Q(m, 7, v) = lm, rv}m""—"[m, r(v — 1)|m""—? - - -[m, 7]. 


If m = mm, where m, and m, are relatively prime, the group @ is 
the direct product of the permutable groups H,, H2, where H, is the group 
composed of the substitutions 


x, =2,+m,2d,(y)x, [modd m, P(y)]. 
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The group H, is simply isomorphic with the group G(m, r, v). 

It remains to treat the case in which m = p’, where p is a prime. The 
factors of composition of G(p’, r, v) are those of G(p, r, v) and a certain 
number of p’s. 

The proofs of the preceding results are similar to that for the case of a 
single modulus m, C. Jordan, Traité des substitutions, pp. 93-105. The 
final group G(p, r, v) has been discussed by L. E. Dickson, Linear Groups, 
p. 81, and Annals of Mathematics, 1, vol. 11 (1°97), p. 169. 


Tue University or Cuicaco, May, 1911. 





I attains eaten teed tae ets eee 


t 
t 
[ 





TRANSFORMATION OF SERIES BY MEANS OF FUNCTIONS 
ADMITTING A RECURRENT RELATION. 


By W. C. BRENKE. 


1. By transformation of trigonometric series certain results have been 
obtained as to the behavior of these series.* We wish to call attention to 
a generalization contained in the following theorem. 

THEOREM 1. Let the function y, satisfy a recurrent relation of the form 


(1) On Vn = 2, Yaar T Bi Vares a = I, 2, 3,°°*), 


where all the expressions involved are defined for each value of n, and ¢,, does 
not vanish identically for any value of n. They may be constants or functions 
of a variable, x. The numbers r and s, which are independent of n, are not 
restricted to integral values, but r — s is a positive integer. 


Then the series }-u, ¥,, where u, is defined for each value of n, converges 
1 


provided that 
(a) the series } ( a, u. + a 


Raz} Pn C+» ’ 


a y,., converges, and that 


(8) either lim Boa. ¥,., = 0, or that lim = u.v..,= 0. 
=r oa aA==z £,, 


We then have 


(2) Du, Vn = you, te %(* U,, + Pate oe 1) bare 


n ig a=} — 
; 
To obtain this result we replace y, in the polynomial > u, y, by its value 
1 


from (1), so that 


k k k 


a, B,, a, k—r+a B., 
u,v, = 2 a beat ee Seg ee ee 


“= a 
n= n=1 n=1 Fy n=l—r+e Put+r—e 


hence, 


k r—a k kare 
(3) Lu, ¥, = a dat D (Sut ‘tssee) Yor pH P* asi 


n=1 Pn+r s nako4l $ 


if we allow k to increase indefinitely, the theorem follows. 


* Schlémilch: Comp. d. héh. Analysis, vol. 1, $40; Lerch: Annales de I’Ecole normale, ser. 3 
vol. 12 (1895), p. 351; the writer: Annals of Mathematics, ser. 2, vol. 8 (1907), p. 87. 
40 
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When the given series > u,y, is known to converge, (8) is a necessary 
i 


and sufficient condition that the transformed series («) shall converge and 
to the value as given by (2). 
DerinitTion. We shall refer to the results expressed in (2) as ‘‘a 


”? 


transformation of the series >> u,y, by the factor ¢,.” If the series in the 
1 


right-hand member of (2) be similarly treated and the process repeated 
p times, we define the final result as ‘‘a transformation of the original series 
by the factor ¢’.’’ 

APPLICATION. In practical applications equation (2) furnishes a con- 
vergence test for the series on the left, and also facilitates its approximate 
numerical evaluation, since it is often possible to transform a given series 
into another which converges more rapidly. Some series can be summed 
in closed form by this process. 

We shall consider cases in which y, is one of the functions cos nz, the 
nth polynomial of Hermite* U(x), the nth polynomial of Legendre X,(zx), 
or the nth Bessel function J,(z). In place of (1) we take respectively, 


(a) 2 cos thx cos nx = cos (n + Jh)x + cos(n — Fh)z; 


1 2r 


in+ol nel) + 2n+2 


n+1. , n 
on + 1d") Fon 4] 


(b) — U(z) = 


U4:(2) ; 


(c) 2X (zx) = X..(#)3 


9 


in 1 1 
(d) yt) ~- J 4(2) + ‘ J (2). 
Then from (2) we have 


h 
~ / 1 
u, cos (n — $h)x 
2 cos hae & th) 
1 r 


> (u, + u,,,) cos (n + 4h)z, 


2 cos ghx 


(4) > u, COS NI = 
1 


a 


provided that lim u, = 0; 


wn 


: a x 1 . r 
(by) dL u,l ,(@) = — $ru,U,(2) - > (. 49M +5, + >.) U AB) 


: u , 
provided that lim 5~ 7 5 U,,.(a) = 0; 


—mee 


. ‘ ae 1a/fnt+l n+2 . 
(¢;) > uAX,(r) = = + X,(r) + A a (= ppt n+5 ans) Restle 


52 “ : 


» *For an interesting application of these polynomials see “Integral-gleichungen, etc.,” by 
Myller-Lebedeff; Math. Ann., vol. 64 (1907), p 390. 
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provided that lim w,X,,.,(0) = 90; 


n= 


(d;) > u,J,(x) = 5% J (x) + Sued (x)] 2 rs st) Fuss?) 


provided that 
= 
Jim ‘ ° ee 


" x 
provided further that either one of the two infinite series in each equation 
converges. 

Formulas (b;) and (d;) in general increase the convergence of the given 
series by replacing u, by a quantity of the order of magnitude of u, + n. 
Formulas (a;) and (c;) are useful in increasing the convergence of slowly 
convergent alternating series. As examples we have 

*(—1)"! 1 1 e(-)n' _, 
(az) >. n C08 NE =o t+ TCs] z. “~~ - cos (n + 4)z; 


1 2 cos ot y MN + 1) 


"“9rt+n+2 


(b.) 7 » U(x) ; AZ) y-> Lo)! IMP Lf 45 


5 ni at) J 2n4+ 2 
: 1 = le, 2n+3 


(C2) (—1)'N (7) =; (ar) + (—1)°- (x 
o/ 2 ) n sr Wa i d a (2n + ] In 3 ar , 


1 ou oO. ol + 5) 


where v = 3n + 1 when 7 is even; v = }(n — 1) when nis odd; 


- 


; ._£ | 
(dz) D (— 1)'nJ (x) =3,[J,(r) + J,(x)], v as in (c,). 
1 a 
In connection with the last example it may be remarked that every 
series of the form 


>, n'd,(2x), 
n—l1 
where p is a positive integer, may be summed by reduction by successive 
steps to the series )) J,(r), whose sum is given in §2 of this paper. It 
1 


follows that the above series converges for all values of p and of z. 
As special cases we have from (a,) when z = 0 and from (c,) when z = 
respectively, 


h wn 


(a;) Su = 544+ 5b, +405 


n=l ] 1 


"mse" 


| 


" “(n+ ] n+2 
(cs) Lu, = ju, + dunt (3 he “ee 
1 ] - a 


provided that lim u, = 0, and that one of the two series in each equation 


un 


converges. 
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Equation (a,) is the limit of a special case under (3), namely when, for 
all values of n, y, = 1, ¢, =2,@,=8,=1,r—s=h. If with these special 
values we apply (3) & times in succession and if we put, symbolically, 


(u,+tu,+t-:> +u,)1+u,)" = (utu,+--+ +4u,) 
+ ml (U4, wT +<* $e, ) + mC'2( Uy +0, vee > Us,) 
sie en Ol SC oe) ee 


we find 
a 2, 
&, =Utwe+:--+u, = y » pe (U, + U, + +-- +u,)(1 + 4,)"" 
(4) x=1 = 


+ £ (8:1 +} iC (8,4 oni 8,) + C( Ses — 8.,) - «+s > Cy (8p, —Six—10)] 


> 
— 


We shall show that the expression in the last line vanishes when k = o 


provided that the series )> u, converges. 
1 


The expression in question may be written in two parts, 


Shr + iC (8p. — $,) + oo: + iC, (Sx, — 8,,) 


yk 


. iC, 1(S;, = 3g ~4 J 


Since >> u, converges, r can be taken so large that for sufficiently large 
1 


values of k and for all larger values the largest of the quantities in the 

parentheses in the second fraction shall be less in absolute value than a pre- 

assigned positive quantity e. Hence the fraction itself will be less than e. 
Also, a positive constant M exists such that the first fraction is less in 

absolute value than the quantity 

1+ €i+ 0: +--- +; 


SLs 


M 


and this vanishes with increasing /, no matter what the value of r. 
Hence we obtain the following transformation for any convergent series: 


- ‘ 1 — 
(a,)* > u, = Ls (u,tu,+ --- +u,)(1+4,)"7, 
1 i «# 
where h is any positive integer, and we have symbolically, 


(1+u,)"214+,Ciu, + Coty Fees FU UU, = U 


*When h=1 this becomes a transformation given by L. D. Ames: “Evaluation of slowly 
convergent series,” Annals of Mathematics, series 2, vol. 3 (1902), p. 185. 
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A general type of recurrent relation, of which (1) is a special case when 
rand s are integers, is contained in the equation, 


(5) 


h being a fixed positive integer, and 1, 7, ---7r,, any set of integers. 
Let p be a fixed positive integer such that p +7, >0,7 = 1,2, ---,h. 
Also let 


Then 


igs » | iv + } A,, nite | 


n=—p 


where any summation whose upper limit is less than the lower is to be re- 
placed by one in which the upper limit is at least as large as the lower ac- 
cording to the formula 

| Oifr=0, 


tral 
u = | -Lifr<o. 


With this convention the above transformation holds for negative and zero 
values of 7, as well as for positive values. 
If now we assume that 


lim> X A,...:v = 0," 
k k+l 


r=a f ln 
we have 


£ 


(6) ZL UnWn — ae > ; 


p 


+7 
i 


Annie D (De Anne) 


n y \ 


provided that either one of the two infinite series here involved converges. 
As an example we transform the series > n2/,, by means of the recurrent 
relation 


2\? 1 l 
(=) J, n(n + jy Jure + 2 iJ T nin _ 1) al 


*A sufficient condition is lim An—r, i Ya = 0. 


a= 
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On.) = n(n + 1)? an,2 = at = ti 5 3 = a= 1)’ 


Also p may be any integer greater than 2. 
Equation (6) then becomes 


Ln, = AR + 3J2 — dd3 — ZU, +42, 


As a second simple example we transform the power series >) a,2" by 
h 
use of the relation 


. ne ol » met +h- 
(co + O12 + °+°¢,_,2°')z" = cot" +2" + -->- +¢220°" 4 
Putting 
. mal 
g=Otarte:s + C,-\C 
equation (6) gives 


’ h he+i-2 ’ h 
(0) eda v= > p23 it. if > pe (Dedsins Je" 

A é=§ a=’ n=h i=1 
provided that either one of the series converges. Here co, Ci, +++, C,—; 18 
any arbitrary set of constants, and the general coefficient of the new series 
is therefore an arbitrary linear function of h successive coefficients of the 
given series, 

If in particular we put 
1 


g=(1— 27)", and a=n’, 


where p is a positive integer less than h — 1, we obtain the closed sum, 
’ ae 1 h h+i-2 
Don's" = (* — yz)! ide de (— LDITIC_(n — i + 17's", 
h — a (=i o=A 


where ,C,, denotes the coefficient of x" in (1 + 2)". 

As a check we calculate 

, l6x* — 232° + 9x6 ' 
42x' 4+ 525 4 Gx8 + -e = Gon l#l< 

which may be verified by clearing of fractions. 

Evidently (6’) will give in closed form the sum of any convergent power 
series whose coefficients satisfy a known recurrent relation. 

2. The ordinary functions used for developments in series satisfy, 
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46 W. C. BRENKE. 
in addition to equation (1), also a relation of the form, 
(7) Kn vy. = y Waar + 5, a n _ 1, 2, 3, ~~ "yy 


where the quantities involved are functions of x defined for each value of 
n and are continuous for all the values of x in a certain interval. The 
prime indicates the first derivative with respect to x. We assume that 
x, does not vanish in the given interval, and that r and s are as in theorem 1. 

We make use of this relation to obtain a test for the existence of a deriv- 
ative of the function represented by a given series. In some examples we 
obtain this derivative in closed form, and an integration then gives the 
sum of the series. 

Let the first / terms of the series be 


S.(v%) = Uy + ye +-- 


where wu, ws, ---u, are independent of x. Then 


k k 
ae P u, 
Si(z) = Dude = Do" (1 Base + 8, Vass) 
1 . me 


By the same process which gave (3), this becomes 


Si(z) = H (x) + G(x) + R,(2), 
where 


H(z) 
G,(x) = 


R,(zx) 
Integrating between limits c and x we have 


S,(z) = S.(c) + [/ H(x)dx + f” Glade + f” R,(x)az. 


From this follows at once 


THEOREM 2. Let c and x be two points of a closed interval (c\c2), and in 
this interval assume that 
(a) lim S,(c) exists; 

k=z 


(8) G,(x) converges uniformly to a limit G(x) when k = x; 


(y) lim | R,(x)dx = 0, uniformly. 


k=a c 
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Then the series >> u, y,(x) converges uniformly in (cye2) to a function f(x) 
1 
whose derivative ts - | 
f'(x) = H(x) + Gz). 
AppLicaTions.* We shall consider cases in which y, is one of the 
functions X, or J,. Equation (7) becomes respectively 


,_ n(n+1), 


(9) (77 —1)X' = Bust Baad 


2n+1 ~~" 
(10) a Sd per 

In the first case theorem 2 gives the following theorem on the convergence 
of the series Sa Y,, and on the existence of a first derivative of the function 
represented by this series. 

Let c; and cy be two constants such that — 1 < ¢, < ¢: < 1, and let c be 
a fixed point and x a variable point of the interval (c\c.). Assume that 


(a;)_ the series )> a,X,, converges when x = ¢; 
1 


(3;) the series }> A,X, converges uniformly in (cc2), where 
1 


_ n(n — 1) (n+ 1)(n +2) 


_— . a —_ = ‘ ‘ Gis } 
° In —1 “= 2n+3 ” 


A 
a 
(vy) lim “* =0; 
axe pn 


then the series >> a,X,, converges uniformly in (cyc2) toa function f(x) having 
i 


a continuous first derivative given by 


a “= 2a, 1 - » 
(2) = 3(x* — 1) T 3 ~ LAX. 


For, comparing (7) and (9) we have 


‘ n(n + 1) n(n +1). 
x = (2? — 15 = 2n+ 1 —™ 2n+1 jretRee =. 


The equations (8) become 


1 ‘ —" 
H(z) = 7] (Fa,Xo + $a.X}), 


* Applications to trigonometric series will be found in the articles by M. Lerch and the writer 
already cited. 
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1 >t EA (n + 2)(n +3) | 
z?-1% In +1“ 2n+5 
1 (k + 1)(k + 2) - , (kK+2)(k +3) 
=-, , 9 Oi, + 9). - 
x = 1 2h + 2) 2k + 0” 
If we note that X) = 1 and merge the second term of H(x) with G,(x) 
we may replace these two expressions respectively by 


—~ 2a, 


(n+ 1)(n + 2) - 
-- ‘“ ; On Bas 
2n+3 
By (8;) the last sum, and hence also G,(.r), approaches a limit uniformly 
when k = x. We next show that (7) is a sufficient condition for (y) ° 
of Theorem 2. By means of the identity 
. l 


X,= ae (X)., — rX.) 


the first of the two terms forming f R.(x)dx may be written 


dr. 


k+2 ( . rr | # 


+30). gut 


Separating the integrand into two fractions and integrating each 
parts we have, omitting the constant factor, 


{ 3 1+ Xs) {+f os ie 


a .< 
a xr’ —1)° 


rw ss, * (z? X 
“ dx coat | +f ll ne 


x? | x? — 1 (x? — 1)? 


° 


e 


On introducing the omitted factor, each term on the right involves 
either a,.,X,., or a,.,.X,. Under condition (y,) both of these products 
converge uniformly to zero in (c,c.).. For in this interval we can put X, 
in the form* 


where \, and e¢, are finite and continuous functions of «x with an upper 


*Brand: Les fonctions Xn de Legendre, p. 31. Bonnet: Sur le development des fonctions en 
series ordonneés suivant les fonctions X et Y. 
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bound independent of n. Hence a constant M exists such that 


|/nX,| < M. 


Therefore 
| 


, a we a 
|a,X,, | VnX,' <M : 
Vn Vn 


. a,,. Sse Mtl si 
1. os 1 n+ M \" win. 
dai, | it n ' a, | <9 n Vn+1)° 
Hence under condition (7;), 
lima,X,=0 and lima,,,X, = 0. 


r= t=w 


Therefore 


lim { R,(x)dx = 0 


uniformly in (¢,c.), and the theorem follows. 
As an example,* consider the series 


3. , a  “- 
giits Xsty5 gXst-:: 


4 
- 
which converges to zero when x = 0. We find 


, I (7) = Loe t+ 
$(2) =), _ and f(x) = }log, _ 3» 


in any interval lying between — 1 and + 1, and not reaching up to one 
of these points. 

Passing to series of Bessel’s functions, theorem 2 may be stated as 
follows: 

Let c bea fixed point and x a variable point of any interval (c,c2) and assume 
that 


(a2) the series 0a,J,, converges when x = ¢; 
1 


(82) the series > (a,,, — a,)J,+, converges uniformly in (cic2) ; 
1 


(v2) lima,.,J, = 0 uniformly in (e,¢2). 


n 
Then the series > a,J,, converges uniformly in (cc2) to a value f(x) having a 
1 
continuous first derivative given by 
f(x) = Ray + aed) + p> (Qy42 — A) 415 
] 


*( . Brand, l. c., p. 99. 
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Here conditions (a2), (82), (yz), are the equivalents of conditions (a), (8), 
(y) of Theorem 2 respectively. 
As a simple example, let a, = 1, n = 1, 2, ---. Then we find that 


the series > J,(x) converges uniformly in any interval to a function f(z) 
1 
whose derivative is . 
J (xr) = L(S + Ji). 
Integrating from 0 to x, since the series converges to 0 when x = 0, and 
noting that 
J idx = 1 — ; 
we have 


f(x) = Ye J,(x) = } — }J,(r) + 3 } Jo(xydx. 
1 e/a 


Similarly, 
> (— Y)"V (rz) = — 4 + L(x) +} | Jo(x)dz. 
1 ey 


In closing we indicate another method of utilizing a relation of the form 
(7), and obtain the sum of the series 


.H c"d (x) 
1 
where c is a constant. 
Let 


k 


S,(z) = D e'J,(z); 


calculating the expression in (8) we find 


‘ 
Si(z) = 3 D (ce? — eV, + Modo +c; — 2, —=¢'°9,,,) 
1 
— | 


2c 


Sa) + Melo tJ, —c'J, -— cJ,,,). 


, ct — | ’ , R 
Putting a = — and solving the linear differential equation of the 
first order for S,(x), we have, noting that S,(0) = 0, 


rer 


S,(z) = te f (Jo + Jie’ dr — kev | (cd, + J,.,)e-"dz. 


If we restrict « by the inequality |x| < h, where h is any positive constant, 
the last integral approaches zero uniformly when k = 2. For, noting that 


k 


9 


r' 


j,= = (1 x ‘ 
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we can take k so large that 

ste, i#1 
Mel Sone 4 ayy 
or so that 

| cz" | 

k | ! | 
lS < one 4 aye: 


By comparing the last fraction with the general term of the expansion of 


e” we see that, for all values of z, lim c‘/, = 0. 
k , 


Hence the limiting form of the equation for S, (x) above is 


—2 


OT ee { eda) + Fle * "de. 


When c = = 1 this reduces to the preceding examples. 
UNIVERSITY OF NEBRASKA, 
September, 1910. 








A THEOREM ON (m,n) CORRESPONDENCES. 


By L. I. NEIKIRK. 


Emil Weyr in a paper* published in 1870 defines an n fold involution 
of points on a line as the points whose abscissas are roots of the equations 
f(x) — A¢(x) = O, where f(x) and ¢(x) are rational integral functions of 
z,and is a variable parameter. He finds its double elements and other 
properties. 

In a second papery he introduces two involutions f(r) — Ag(x) = 0, 
and F(y) — «¥\y) = 0 of degrees m and n, and terms these involutions 
projective when Adkk + BX + Cx + D=0. The two involutions group 
the points of the two lines into sets of m and n points each, and the last 
equation puts these sets into a (1, 1) correspondence. 

He considers the x and y as Cartesian codrdinates of a point and de- 
velops the properties of the curves defined. Among other properties 
is the following; let the line x = x, cut the curve in the points (2; : y,) 
j =1, 2, --- n and the line y = y cut the curve in the points (zx, : y:) 


-_s, 


i = 1,2, ---m,then the curve will pass through all points of the lattice work 


(A) y=y, i= 1,2, 


The purpose of this paper is to prove the following theorem. 

THEOREM. Jf an (m, n) correspondence is given by a rational integral 
equation f(x, y) = 0 of degree minxand nin y, and has a single correspondence: 
of the type (x; :y;), 1 = 1, 2, -+-m, j= 1,2, ---n, then fir, y) = 0 can be 
reduced to the form 


g(x) + O(r) = O, Ply) + Awly) = O, 


where ¢, 0, ¥, and w are rational integral functions, the first two of degree 
m and the last two of degree n, and \ is a variable parameter, and every cor- 
respondence is of the type (x, : y,). 


*Sitzungsberichte der k. Bohmischen Gesellschaft der Wissenschaften in Prag. (1870), 14-19. 
t Mathematische Annalen, III (1870), 34-44. 
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This theorem shows that if a rational algebraic curve f(z, y) = 0 
passes through all points of one such lattice work as (A) it will pass through 
all points of every such lattice work. 

Proof. Let f(x, y) = Ao(x)y" + Ai(x)y""! + --- + A,(z) where the 
A’s are rational functions of x of degree m or less. 

Let 


Sf(ai, y) = agy" + ayy"! + eee + a, 


f(x; y;) = 0, l = i 4 eee 


then since 


it follows that 
f(x, y) = kf (a1, y); 


and 
A,(z,) =ka,, 1=1,2,---m, s =1,2,--- 


k, being equal to 1. 

The expressions A,(x)/a, take the m values hk; = 1, hs, ---k,, when x 
takes the values x, @,--- 2. The exceptional case a, = 0 will be treated 
later. 

In Lagrange’s interpolation formula let 


(r—M)(x —X2)---(x —2z,) [x #2z,r +8], 


- ke g(x) 
~ “(ra —a,)¢'(a,)" 

Then 6(x,) = k, and the most general rational integral function of 
degree m which takes the m values /;, J», ---k, when x takes the values 
1, Ta, ++ 2, 18 O(x) + lela). 

Therefore 

A,(x) 
= O(x) + L¢(x), oe 
a, 
and 


f(x, y) = (ayy" + ay"! + +++ +a,)o(xr) + (aly + aly" + +--+ +ale(a) 
¥(y)O(x) — w(y)¢(x) 


If a,=0, then 
A (x,) = 0, 


so that 


A(x) = I, g(x). 
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In every case therefore the correspondence is given by an equation of the 


form 
V(ya(r) — w(y)¢(x) = 0. 
From this we get 

g(x) — oly) _ 

Or)  wly) _ 
and the theorem follows 


g(x) + rO(r) = 0, Yly) + rAwl(y) = 0. 


UrBana, ILLINOIS. 














OF AN ORDINARY DIFFERENTIAL EQUATION.* 
By W. R. LonGtiey. 


The investigation of the solutions of an ordinary differential equation of 
the first order, 


7 =i) 
(1) f(z, Y; P) _ 0, (» ~ dr ’ 


depends primarily on the theory of implicit functions. If xo, yo, po is a set 
of constants satisfying equation (1); if f is an analytic function of its three 
arguments in the region considered; and if the first partial derivative, f,, 
of f as to p does not vanish for this set of values, we may apply the funda- 
mental existence theorem on implicit functions and obtain a solution for p 
of the form 

(2) p = g(x,y), where po = ¢(2o, Yo). 





This solution is unique and ¢ can be expanded as a series in integral powers 
of x — 2% and y — yo. Cauchy’s theorem is applicable to equation (2) 
and we know that through the point (xo, yo) in the direction determined 
by po there passes one and only one integral curve of equation (1). 

If the values 20, #0, Po Satisfy not only equation (1) but also the equation 


(3) f,(z, y, p) = 9, 


the fundamental theorem on implicit functions can not be applied directly, 
and another method is required. If p can be eliminated between equations 
(1) and (3) the result is the discriminant equation 


(4) A(z, y) = 0. 


For any point (xo, yo) on the discriminant locus there is at least one value 
po such that equations (1) and (3) are both satisfied. Consequently the 
fundamental theorem on implicit functions does not suffice for the im- 
mediate determination of all the integral curves through a point on the 
discriminant locus. In order to make this determination it has been 
necessary to place limitations on the form of the function f. Supposing 
f to be a rational integral function of y and p, Hamburger7 has based his 


* Read before the American Mathematical Society, December 28, 1910. 

t Crelle’s Journal, vol. 112 (1893), pp. 205-246. See also Schlesinger, Differentialgleichungen, 
Sammlung Schubert, Zweite Auflage, pp. 238-281, and Horn, Differentialgleichungen, SS., 
pp. 348-356. 
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investigations on the known theory of algebraic functions of two variables, 
and, consequently, has excluded from consideration any point (Xo, yo) for 
which equation (1) is satisfied identically in p. The principal object of 
this paper is an investigation of the integral curves through such a singular 
point. The first part is devoted to a consideration of equations of the 
second degree in p. In the latter part an extension is made under certain 
conditions to equations which are of higher degree, or even transcendental, 
in p. 

It is convenient to recall here, for reference later, a result due to Briot 
and Bouquet.* They have studied an equation of the form rp = ¢(z, y), 
where ¢ can be expanded as a power series in x and y, and ¢(0, 0) = 0. 
The term of the first power in y being of prime importance, the equation 
is written 


(9) LP — AY = Ayot + Ax? + ayry + doy? + ---. 


Assuming a solution of the form 
(6) ee 


the following results are obtained. 

i. If ais not a positive integer, the coefficients b, are uniquely determined, 
and there is one and only one solution of the type (6), that is representable 
as a series in integral powers of x. 

ii. If a = 1, ay + 0, there is no solution of the type (6). 

ill. If a = 1, ay = 0, the coefficient 6; is arbitrary, while the remaining 
coefficients are uniquely determined in terms of the first one. <A singly 
infinite number of integral curves with arbitrary slope pass through the 
origin. 

iv. If a = q, where q is a positive integer greater than unity, it follows 
directly by substituting the value of y from equation (6) in equation (5) 
that the coefficients b;, ---b,-; are uniquely determined. The equation 
for the determination of b, either leads to a contradiction, that is, no 
solution of the type (6) exists, or is satisfied for an arbitrary value of b,. 
In the latter case the remaining coefficients are uniquely determined in 
terms of b,. A singly infinite number of integral curves all having the same 
slope pass through the origin. 


Consider the equation 
(7) f(x,y, p) =A(a, y)p? + 2B(z, y)p + Cla, y) = 0. 


In the region considered the coefficients A, B, and C are supposed to be 


* Journal de I’école polytechnique, vol. 21 (1856), p. 161. 
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analytic functions of z and y, and equation (7) is supposed to be irreducible 
in xz, y, and p. The discriminant equation is 


(8) A(z, y) = BP -— AC = 0. 


Let y = n(x) be a solution of equation (8), where 7 is an analytic function 
of x in a certain neighborhood of the value x = c. We suppose that 
A[x, n(x)] = 0, and, in particular, A[e, (c)] + 0.* 
From equation (7) ; 
—-B+VA 
(9) p= + . 


For any point not on the discriminant locus there are two distinct values of p. 
For any point on the curve y = (x) equation (7) has a double root 


Bix, n( 
me = -a ar 


Now A, B, and C may be expanded as power series in y — 7: 
A(z, y) = A(z, n) t+aily—n)+°°-, 
B(x, y) = Bix, 1) + bi(y — a) + °°, 
C(x, y) = C(x, 1) t+ely—a) +-::, 


where the coefficients are analytic functions of x. Since A(z, n(x)]=0, 
the expansion for A has the form 


A(x, y) = (y — "Ido + di(y — 1) +--+], 


where d)(x) # 0, and we suppose, in particular, do(c) +0.T 
Substituting these expansions in equation (9) gives 


— Biz, ) —db(y—y) -—-:- +9 - n)*"[do + diy — 9) + -> ¥ 
A(z, IE $25 5) Y —n)+ | 


y= 
Since A + 0, dy + 0, the second member of this equation may be expanded 
in powers of (y — n)!, giving 


k+l 


(11) p — ¢(x) = gly —n*? +9i(y —2)? +:°°°, 


* If A vanishes for x =c, y= (c), while C does not vanish at this point, the problem is treated 
by considering the reciprocal of p. 

t For a study of the case do(c) =0 see a paper by Petrovitch, Mathematische Annalen, vol. 50 
(1898), p. 103. 
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where k is a positive integer and the coefficients g; are analytic functions 
of x in the neighborhood of x = c. There are now two cases to be con- 
sidered. 

Case I.—If dn/dx = ¢, then y = n(x) isa solution of the given differential 
equation. In this case equation (11) may be written 
k k+1 


d(y — n)’ = ; 
—— =gly—n)° tgily—n)° +: 


By making the substitution y — 7 = uw’, this equation becomes 
» du - 
(12) 2u -_* gou® + giuuk*'+.---, 


The factor u may be canceled since u = 0 corresponds to the solution 
y = n(x) already known. Cauchy’s existence theorem is applicable to 
the remaining equation and asserts that there exists a unique solution 
for wu vanishing with x = c. 

If & = 1 this solution has the form 


u=uUulr—c) +tulr—Cc)r + eee, 


where the coefficients u,; are not all zero. In this case we see that through 
the point Pic, n(c)] besides the integral curve S: y = n, there passes one 
other integral curve 

y =nxr) +ur(r —c)? + 


This integral curve is tangent to S at the point P. Since P is any point 
on the curve S for which the hypotheses enumerated above are satisfied, 
it follows that S is an envelope of integral curves, that is, a singular solution. 

If k>1 the only solution of equation (12) is u=0. In this case S is 
the only integral curve passing through P, and y = n(x) is merely a par- 
ficular solution. 


dy , ' 
Case IT.—If in + ¢ we suppose, in particular, that 


_ dy 
joa 7 + 0, forz =c. 
Equation (11) may be written 


I 


d(y — n) dn : 
= ri — ( — 2 hoe 
é drt IY n)* + 


dx 
By making the substitution y — 7 = u? this equation becomes 


_. dy , 
= { — dx t Jou + --- 
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whence 
dx 2u j 
du sis dn—(i‘ié;C;C 
_ uk er ; 
¢ dx + Jo + 
q 
Since the denominator does not vanish for x = c, u = 0, the second member j 





may be expanded in powers of x — c and u, containing uw as a factor: 


= = =u + uP, 










(13) 











where P is a power series vanishing with z = c, u = 0. Equation (13) 
admits a unique solution for x — c as a power series in u, and this series 
contains u* as a factor: 












rr 
r~-c= - y+. 
Y 


Reverting this series we get 











u=Vy—-y7=Vy(x—c)!4+-:--, 





and, squaring, the solution of the original differential equation is found in 
the form 







y—n=ryix—c) +yi(x —c)i+---. 











From this it appears that through the point P{c, n(c)| there passes one in- 
tegral curve of equation (7), and this curve has a cusp at P. Since y + 0 
the cuspidal tangent does not coincide with the tangent to the curve ; 
y = n(x). In this case the branch y = 7 of the discriminant curve is a 
locus of cusps on integral curves. 

The conclusions reached so far may be summarized as follows: If hk 
r': y = n(x) is an analytic branch of the discriminant locus three cases 
may occur. (1) y = (x) may be a particular solution. Through a general ; 
point on T there passes no other integral curve. (2) y = n(x) may be 
a singular solution. Through a general point P on T there passes one 
other integral curve and it is tangent to T at P. (3) y = n(x) may be a 
cusp locus. Through a general point P on Tf there passes one integral 
curve and it has a cusp at P. In general the cuspidal tangent does not ‘ 
coincide with the tangent to r at P. ; 

The preceding results are due to Hamburger. Certain points have ' 
been excluded by the hypotheses made during the argument, in particular, 
those points for which A, B, and C all vanish. Suppose now that for a 
certain point, which will be taken for the origin, A, B, and C vanish. Let a 7 
be the degree of the terms of lowest degree in A, B, or C. Then 
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A(z, Y) = Ge,ot® + Gga1, 07 'Y Ho +0, oY" + dees, o**! + +> 
B(x, y) = ba, ot* ie ss C(z, y) a Co, 00" + °° 
By making the substitution 


; , ad 
(14) y=2v, p=x2 +2, (. ) 


~ dx 


in equation (7), and canceling the factor x*, we get 


(15) A(av’ + v)? + 2B,(xe’ + vr) + Cy = O, 

where 
Ax(az, Vv) = Aa.o + Gat, + °° + +o, 08 + asso + °°, 
B,(2, v) =biot + FP Cy(2, v) =Crot-'?, 


are power series in x and v which converge for all values of v, if z is small 
enough. 

A first necessary condition for an analytic integral curve through the 
origin is that for z = 0, v satisfies the equation 


(16) A,(0, v)o? + 2B,(0, v)v + C1(0, v) = 0. 


This is an algebraic equation of degree a + 2 if a, +0. The initial value of 
v is the slope of the integral curve at the origin. Hence there are in general 
a + 2 critical slopes which the integral curve may conceivably have. From 
equation (15) we get 


3 —-Aw-—B,+VA, 


(17) tv = 
A, 
where A; = B,* — A,C;. The following cases are presented. 
Case I.—A critical slope 1; not tangent to a branch of the discriminant 
locus. In this case 
Bi, i) = A i(0, V;) C(0, V1) afc (), 


and, if A,(0, v;)+0, the second member of equation (17) may be.expanded 
in powers of x and v — r;, and the equation is of the form (5) investigated 
by Briot and Bouquet. There may be no analytic solution or there may be 
one of the form 

v— 1 = bx + bor? + ---, 


where the coefficients are either uniquely determined or contain an arbi- 
trary constant. 
The solution of equation (7) becomes 


y= vr+ bar? + ---, 


Hence through the singular point in the direction determined by v, there 
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may be either (1) no analytic integral curve, or (2) one, or (3) a singly 
infinite number. 

Case II.—A critical slope v; tangent to an analytic branch of the dis- 
criminant curve at the origin. The equation of the branch of the discrim- 
inant curve may be written in the form y = n(x) = zy, where y is a power 
series in x. From equation (10) 


pe - B,(a, y) 

Ati Ai(z, y)° 
For a singular or particular solution 
(18) ry'(x) + ¥(x) = ¢(2). 
For a cusp locus 
(19) xry'(x) + o(x) ¥ ¢(z), 
but we might have 
(20) ¥(0O) = ¢(0). 


In this case A; vanishes for x = 0, v = v, and, if A,(0, v;) + 0, the second 
member of equation (17) can be expanded in powers of (v — y)! with coef- 
ficients which are analytic functions of z, and the result can be written 


d(v — . be 
“ae Y= - ¥—a’+i+glv—y)it+g(e-—y)*+--:- 


By putting v — y = wv’ this equation becomes 


d 
(21) Qru i = — ead +5 + gout + gut! $e 
(a) If y = zy(z) is a solution of equation (7) then the relation (18) shows 
that a factor wu may be canceled from equation (21), leaving the equation 
of Briot and Bouquet. There may be no analytic solution or there may be 
one of the form 


u = br + bor? + iad 


where the coefficients are either uniquely determined or contain an arbi- 
trary constant. The corresponding solution of equation (7) is 


y = xry(x) + bie? + ---. 


Hence if y = zy¥(x) is a singular or particular solution of equation (7) there 
may be either (1) no other integral curve tangent to it at the singular point, 
or (2) one, or (3) a singly infinite number. (6) If y = ry(x) is a cusp locus 
then relation (19) shows that a factor u can not be canceled from equation 
(21). In general the second member does not vanish for x = 0, u = 0, and 
there is no analytic solution. However, if the relation (20) holds, analytic 
solutions may exist. The equation is similar to equation (5), and may have 
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one or an infinite number of solutions. Hence if y = xry(x) is a cusp locus, 
there is, in general, no integral curve tangent to it at the singular point; 
but there may be one (see example IV), or even an infinite number (see 
example V). 

Case II].—A critical slope tangent to a non-analytie branch of the dis- 
criminant locus. This case is not treated in the present paper. 

Case IV.—It may happen that equation (16) is satisfied identically in 
v, and hence the initial slope is arbitrary. Then a factor x may be canceled 
from both sides of equation (17) and Cauchy’s theorem is applicable to the 
resulting equation for all initial values of v except a certain finite number 
for which A, = 0 or A; = 0. Hence there are an infinite number of in- 
tegral curves passing through the singular point, the slope being arbitrary, 
except for a finite number of directions which require special investigation. 
See examples Ib and IV. 


Example I. 
(22) f(z, y, p) = B(1 + 2)*p? + 2ry(1 + x)[2y — 2(3 + 42)]p 
+ y*{r(3 + 4x)? — 4y(2 + 3x)] = 0, 
A(z, ) = 4277(1 + x)*yF(y — x — x’) = 0. 


There are two analytic branches: 


y = n(x) = 0,a particular solution, 
y = 7(@) = x + 2°, a singular solution. 


(a) Equation (22) has a singular point at the origin, which is a point 
of intersection of the two analytic branches of the discriminant curve. 
For this example equation (17) becomes 


v(2 + 3x) — 2° ++ 2V er — (14+ 2)] 


(23) qv = faa 


There are two initial values of v, each falling under case II, namely, 0 and 1, 
and for each of these values the quantity under the radical vanishes. 

Taking first the initial value v = 0, expanding the second member of 
equation (23) in powers of v! and setting v = u’, we get (corresponding to 
equation (21)) 


du 
2ru = 2uv°+2(14+ 2) w+ wP, 


where P denotes a power series in x and u. Canceling the factor u which 
corresponds to the solution y = 0 already known, this equation becomes 
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du 
(24) es sx(1 +2) u+ wP. 
Equation (24) is of the form (5) and admits a solution 
u = bx + bor? + ---, 
where 6; is arbitrary. The corresponding solution of equation (7) is 
y= bia? + i 

Hence an infinite number of integral curves pass through the singular 
point, all tangent to the particular solution y = 0. 

Taking next the initial value v = 1, expanding the second member of 
equation (23) in powers of (v — y)![y = 1+ a], and setting v — y = wv’, 
we get 


du 
9) = ( 
Dru = 2u+ uQ, 
dx d 


where () denotes a power series in x and u, vanishing with x and u. Can- 
celing the factor u which corresponds to the solution y = x + 2° already 
known, it is seen that the second member does not vanish with 2 and u. 
Hence there exists no other analytic solution, that is, through this point 
there passes no integral curve tangent to the singular solution. 

(b) Equation (22) has a singular point at (—1, 0). Translating the 
origin to this point the equation becomes 

f(x,y, p) = x(x — 1)8p? + 2ry(x — 1) [2y — (2 — 1) (44 — 1)Jp 
(25) 
+ y{(x — 1) (42 — 1)? — 4y(32 — 1)] = 0. 
The discriminant equation becomes 
A(x, y) = 4a°(x — 1)*y*ly + x — 2°] = 0. 


There are two analytic branches passing through the origin: 
(a) y = ry(x) = 0, a particular solution, 


(b) y = x¥(x) = x(— 14 2), a singular solution. 
For this example equation (17) becomes 


, _ du(x — 1)v — 2rv’? + 2rv Vv? — v(x — 1) 


(26 rv i 
») ri (¢— 1)? 


The initial value of v is arbitrary. When x = 0 the denominator does 
not vanish for any value of v, but the quantity under the radical vanishes 
for v = 0,v = — 1. Canceling the factor z, the second member of equa- 
tion (26) may be expanded in powers of x and v — v; where ?, is arbitrary 
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except 2; + 0, 1 + — 1. Cauchy’s theorem is applicable to this equation 
and there exists a unique solution 


v — vy = bye + box? + ++. 


The corresponding solution of equation (25) is 


y = yr + bya? + 


Hence in every direction not tangent to a branch of the discriminant curve 
there passes one integral curve. 

To examine the initial value v = 0 we expand the second member of 
equation (26) in powers of x and v'. After making the substitution v = wv? 
a factor u, corresponding to the solution y = 0 already known, may be 
canceled, and the resulting equation is 


du 


a 2 
dx uP, 


where P denotes a power series in x and u. By Cauchy’s theorem this 
equation admits a unique solution which is evidently u = 0. Hence 
y = Ois the only integral curve through this point with slope equal to zero. 

To examine the initial value v = — 1 we expand the second member 
of equation (26) in powers of (v — y)!, [Y = — 14 2], with coefficients 
which are analytic functions of z. After making the substitution vy — y=u?, 
a factor u, corresponding to the solution y = — xr + x? already known, 
may be canceled, and the resulting equation is 


du _ 1 . 
dz ~ yz—1 7 uP: 


By Cauchy’s theorem this equation admits a unique solution 
u = bx + bot? +: 
The corresponding solution of equation (25) is 
y= —2+ 2° + bf? + ---. 


Hence there is one other integral curve tangent to the singular solution at 
this point. 

The results concerning equation (22) may now be summarized as 
follows.* Through any point not on the discriminant locus there are 
two integral curves with distinct tangents. Through any point on the 

*It is understood that the direction of the Y-axis is tacitly excluded. Also the branches 


xz =0, r= —1 of the discriminant locus are excluded. They can not be represented by equations 
of the form y=n/(z). 
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branch y = 0 of the discriminant locus, except the singular points 0(0, 0) 
and P( — 1,0), there passes only one integral curve, namely y = 0. 
Through any point on the branch y = x + 2? of the discriminant locus 
there are two integral curves having the same direction. Through the 
singular point O there is one integral curve (the singular solution) with 
slope equal to unity, and an infinite number with slope equal to zero. 
Through the singular point P, in addition to the singular integral, there is 
one integral curve in every direction. The general solution of equation 
(22) is 
y= x) = 7 

Cx _ 
Example II. 


(27) Siz, y, p) = Ap? + 2Bp + C = 0, 
where | 
A = (x+y)? + (& — y)(2z + y)’, 
B= (x + y)® — (x — y)(22 + y)(x + 2y), 
C = (x + y)* + (x — y) (x + 2y)?. 
A(x, y) = Wy + z)*(y — 2). 
Of the two analytic branches of the discriminant locus, y = — 2 is a 


particular solution and y = xis acusp locus. The origin is the only singu- 
lar point. At any other point on the cusp locus the cuspidal tangent is 
perpendicular to the line y = x. For this example equation (17) becomes 


(28) xv = : — eS 


Oe us 2 1 3/9 on ’ 
“s255\* 3(14+ v)? + 38V (1 4+ v)F(a 1)}. 


There are three initial values of v, namely, 
v, = 4) — 3, v= —hI — 3, v,,=— 1. 
Expanding the second member in powers of v — v1, equation (28) becomes 


d(v — vy ‘ 
x tt de ay = go(v — v1) + (v— 0,)°P, 
where 
_V-3-9(V38+ Vv — 1) 


vil 2V3(5 + V —-3) 


This is the equation of Briot and Bouquet admitting a unique solution 
which is seen to be v — v; = 0. The corresponding solution of equation 
(27) isy = 4 —3z. Expanding in powers of v — r2 it is shown in a similar 
manner that the only solution is » — ve = 0, and the corresponding solution 
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of equation (27) isy = — 4) — 3x. These two integrals can be combined 
into a single one and written in the form 3y’ + 2° = 0. 

For the initial value »; = — 1 the second member must be expanded 
in powers of (v + 1)!, and equation (28) becomes 


djv+1)_ 
-_— 
where P denotes a power series in (v + 1)'. By setting »+1 = 
equation (29) takes the form 


(29) 2iv + 1) + (v + 1)'P, 


du - , 
zu; = uw + du'P. 
dx 


Canceling the factor u there is left the equation of Briot and Bouquet 
admitting a solution of the form 


u= bax t+ bor? + ---, 
where 5, is arbitrary. The corresponding solution of equation (27) is 
y= —rt+ bfr'+---. 


Hence in addition to the curve 3y? + x2? = 0 which has a conjugate point 
at the origin, there are an infinite number of integral curves passing through 
this singular point each one of which is perpendicular to the cusp locus. 
There is no integral curve having a cusp at the origin. 

The general integral of equation (27) is 


(2 + y) (2 + 9 — €)* + (2 — g)* = 0. 


III. 
Consider now an equation of more general form 
(30) f(z, y, p) = 0. 


To take up only the simplest case suppose that f can be expanded as a power 
series in (x — a), (y — b), and (p — c), and that the following conditions 


hold. 
(31) fla, b,c) = 0, f,(a, b,c) = 0, f(a, b,c) +0, f,,(a, b,c) + 0. 


With this hypothesis the fundamental theorem on implicit functions may 
be applied to solve the equations f = 0, f, = 0 for 


(32) y =n(xr), where b = x(a), 
(33) p = ¢(xr), wherec ¢(a). 
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Equation (32) is the discriminant locus and equation (33) gives the 
value of p (near p = c) at any point on this locus. For every value of z 
within a certain neighborhood of x = a the following conditions are satis- 
fied, 

S{z, n(x), ¢(x)] = 0,  frlx, n(x), ¢(x)] = 0, 


Sux, a(x), §(2)] #9, Sorlz, n(x), ¢(x)] + 0. 
Hence equation (30) may be written in the form 
f=0= fily — 0) +fooly — 2)? +fhuly — 2)(p — 6) +folp — 6)? +---, 


where the coefficients are analytic functions of x. Since fio and fo2 do not 
vanish in the region considered this equation may be solved for p — ¢ 
as a series in (y — n)!: 


P—6= gly —n) +gily—n) +--:-. 


This equation is of the form (11) where k = 1. Therefore, if 


dy 
net eo n(x) 


is a singular solution; and, if 


-dy 
det Y= 2) 


is a cusp locus. 
Suppose now that for x = 0, y = 0 equation (30) is satisfied identi- 
cally in p. Then it may be written in the form 


f(x,y, p) = A(x, y) + Bla, y)p + --- = 9, 
where, as before, 
A(x, y) = Gg ot* + -+- +o aY* + Gassot8' + ---, Bit, y) = bor + ---. 
Making the substitution (14) and canceling a factor 2*, gives 
(34) A(x, v) + Bia, v) (av +e) + --- = 0. 
The initial values of v are determined by the condition 
(35) A,(0, v) + B,(O, v)v + +--+ = 0. 


Suppose v = ¢ satisfies condition (35). Then equation (34) may be 
written in the form 


(36) A.(a,v —c) + Baz, v —c)(arv +v—c)+--- = 9, 
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6 W. R. LONGLEY. 


where A>, Bs, --- are power series in x and v — c, and A, contains no con- 
stant term. If the initial slope v = c is not tangent to a branch of the dis- 
criminant locus, that is, if B, does not vanish for x = 0, v = c, the funda- 
mental theorem on implicit functions is applicable to equation (36) which 
may be solved for the quantity xv’ + v — cas a power series in x and v — ¢. 
Hence we are led to the equation of Briot and Bouquet with its known 
results. If the initial slope v = c is tangent to a branch of the discriminant 
locus, the fundamental theorem on implicit functions gives no information 
concerning the solution. In special cases it is possible to solve equation 
(36) for zv’+ v — + asa series involving fractional powers, and the results 
may be investigated by the methods used in the preceding examples. 
Example III. 
(37) f(z, y, p) = xv 1 — p® — yare cos p = 0. 


The discriminant locus consists of an infinite number of straight lines 
passing through the origin, namely, of all the tangent lines which can be 
drawn from the origin to the curve y = sinzx. <Any one of the branches 
is given by 

y = x cos m, 


where m is a constant satisfying the equation 
(38) m — tan m = 0. 


The origin is a singular point to be investigated later. If m is any value, 
except 0, which satisfies equation (38), then conditions (31) are satisfied for 


a+ 0, b = acosm, c = cos m. 
Also, corresponding to equations (32) and (33), 
y =x) =xcosm, p= ¢(x) = cos m. 
Hence y = x cos m is a singular solution. 


To investigate the singular point at the origin we have, corresponding 
to equation (35), 
(39) V1 — p* — vare cos p = 0. 


This determines an infinite number of initial values v,;, namely, v,) = cos m, 
where m satisfies equation (38). The value m = 0 (v,; = 1) requires special 
investigation. For any other initial value equation (39) may be solved for 
p as a series in (v — v,)!. The result is 
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d(v — v -- F 
x ( i y = V — 2msin m(v — v,)'+ -- 


By putting v — v, = u? it is apparent that this equation admits no analytic 
solution (except v — v; = 0). 
To investigate the initial value v; = 1 we expand are cos p in powers of 
(1 — p)}. 
arc cos p = 21 1— pR, 
where 


R=1+,,0d—-p+-::- 


is a power series in 1 — p. Hence the factor V1 — p may* be canceled 
from equation (39), and the remaining equation can be solved for p — 1 
as a series inv—1. We have to consider then 


d(v — 1) 
b A — 


(40) dz 


2(v — 1) = (v — 1)*P, 
where P is a series inv — 1. This is the equation of Briot and Bouquet 
admitting a solution of the form 


v— 1 = box? + br? + ---, 
where bs is arbitrary. The corresponding solution of equation (37) is 
y = x + box? + brit + ---. 


Hence an infinite number of integral curves pass through the origin tangent 
to the branch y = z of the discriminant locus. Through any other point 
on this line it is evident, by applying Cauchy’s theorem to equation (40), 
that there is no other integral curve. There is no integral curve through the 
origin tangent to any other branch of the discriminant locus. 

The general solution of equation (37) is 


— 
y=csin . 
c 


Every curve of this family passes through the origin with slope equal to 
unity. If the branches of the discriminant locus are ordered according to 
increasing values of m, then, as x increases, every curve of the general in- 
tegral touches each branch of the envelope in order. 


Example IV. 
wp? — 4ry’*p + 4y*° = 0. 
* Corresponding to this factor there is the solution y =z of equation (37). This equation has 
the property of a reducible algebraic equation. It is apparent by inspection that y=.2-+constant 
is an integral. 
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Example V. 
18(x — y)(xp — y)? + (x + y)*(p + 1)? = 0. 
Example VI. 
4(x — y)[(4a — y)p +2 —4yP + (x +y)'(p+ 1)? = 
Example VII. 


rvV1l—p?+yare sin p = 0. 


SHEFFIELD SCIENTIFIC SCHOOL, 
New Haven, CONNECTICUT. 





BOUNDARY PROBLEMS AND GREEN’S FUNCTIONS FOR LINEAR 
DIFFERENTIAL AND DIFFERENCE EQUATIONS. 


By Maxime BOcHeEr. 


In Part I of the present paper I have established some simple results 
of a general character concerning linear boundary problems in one dimen- 
sion. These results were established by Mason* for the equation of the 
second order by a method which admits of easy generalization. The proof 
here given of the main result (Theorem 3) is, however, of an even more 
elementary character than that given by Mason. 

Part II is devoted to Green’s Functions in one dimension. This con- 
ception was introduced by Burkhardt? for the special differential equation 
y'’ = 0 (Laplace’s Equation in one dimension), and extended by the present 
writer to the general linear differential equation of the nth order.t No 
proofs were given in this paper since it was thought, apparently erroneously, 
that the methods used would be sufficiently obvious. Subsequent writers, 
notably Westfall,§ established some of these results together with some 
similar ones for certain other boundary conditions, but, owing to their 
failure to appreciate the statement clearly made in my note just referred 
to that the Green’s function will in general satisfy different boundary con- 
ditions when regarded as a function of one of its arguments from those which 
it satisfies when regarded as a function of the other, they failed to consider 
the general case. This general case, which includes as a special case the 
boundary conditions of my note, was first explicitly considered, though 
without proofs, by Birkhoff.|, Still more recently an exhaustive treatment 
of the subject for systems of linear differential equations of the first order 
has been given by Bounitzky,** who also applies his results at length to the 
equation of the nth order. In this paper the earlier literature is fully cited 
with the exception of Birkhoff’s paper, which really contains the whole 
theory in brief so far as the single equation of the nth order goes. In 
Part II of the present paper I publish for the first time, along with a small 


* Trans. Amer. Math. Soc., vol. 7 (1906), p. 339. 
t Bull. de la Soc. Math. de France, vol. 22 (1894), p. 71. 
t Bull. Amer. Math. Soc., second series, vol. 7 (1901), p. 297. 
§ Dissertation, Géttingen (1905). 
Trans. Amer. Math. Soc., vol. 9 (1908), p. 377. 
** Liouville’s Journal, 6th series, vol. 5 (1909), p. 65. 
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amount of additional matter, the method of treatment I had in mind ten 
years ago, modified only to the slight extent necessary to make it apply to 
the general linear boundary conditions. 

Finally in Part III it is shown briefly how the results of Parts I and II 
can be carried over to the case of linear difference equations. The details 
are, in the main, fairly obvious, and are therefore to a considerable extent 


suppressed. 


I. Boundary Problems for Ordinary Linear Differential Equations. 


1. Let us consider the differential equation 


d'u d’~‘u 
nt ttt +p, = Pp, 


(1) dx t Pigs 


where the p’s are continuous but not necessarily real functions of the real 
variable x when a =.x=b, together with certain boundary conditions which 
we will indicate as follows: 

If ¢ is a function of x which at the points a and b has derivatives of the 
first n — 1 orders, we write 


A,j(¢) =ae(a) + aig(a) + ++) tal" "V(a), 

Big) = Be(b) + B¢(b) + --- + Be’ "(b), 
where the a’s and @’s are given constants. If now we let 
(3) Wile) = Ail(e) + Bile), 


we may write our boundary conditions as follows, the y’s being given con- 
stants: 
(4) Wu) = ¥5 


(2) 


The problem of determining all solutions of (1) which satisfy conditions 
(4) we speak of for brevity as the problem (1), (4); and this problem we call 
homogeneous only when p = 0 and all the constants 7; vanish. Two cases 
of some importance may be designated as semi-homogeneous problems, namely 
that in which p=0 but at least one y; is not zero, and also that in which 
all the y,’s vanish but p is not identically zero. 

The homogeneous equation 


du du 


(5) dee + MG + +++ + pe = 0 


is called the reduced equation when considered in connection with the non- 
homogeneous equation (1), and the homogeneous boundary conditions 


(6) W (u) = 0 (i = 1, 2, ---n) 
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we will call the reduced boundary conditions when we consider them in 
connection with (4). The homogeneous system (5), (6) we may similarly 
speak of as the reduced system. 

DEFINITION. The homogeneous system (5), (6) is said to be incompatible 
if (5) has no solution except zero which satisfies (6). It is said to have k-fold 
compatibility if (5) has k and only k linearly independent solutions which 
satisfy (6). 

If (5), (6) has k-fold compatibility and if y;, --- y, are linearly inde- 
pendent solutions of (5), (6), it is clear that the general solution is 


CiYi1 + CoYo + es + OLY: 


where ¢;, ---c, are arbitrary constants. 
THEOREM 1. Jf yi, ---y, ts a fundamental system of (5), a necessary and 
sufficient condition that the system (5), (6) be compatible is that the determinant 


Wily) adi Wi(yn) 


W(yr) «+ Wala) 


vanish.* A necessary and sufficient condition that (5), (6) have k-fold com- 
patibility is that D be of rank n — k. 
For if we substitute the general solution of (5) 


u= cYWit s+ +b CaYn 


into (6), we obtain a system of homogeneous linear equations for determin- 
ing the c’s whose determinant is D. 

We shall naturally call the conditions (6) linearly dependent when and 
only when the n sets of 2n constants each 


ay a, awe i B;, Bi, Ae B,"" (2 _ 1, 2, aici, n) 


are linearly dependent. If this is the case, some of the conditions (6) are 
consequences of the rest, and the system (6) is equivalent to a system of the 
same form containing less than n equations. Conversely, a system of the 
form (6) but containing less than n equations is obviously equivalent to a 
linearly dependent system containing n equations. On the other hand, if 
the system (6) is linearly dependent, D = 0. Hence 

THEOREM 2. There always exists a solution of (5) not identically zero 
which satisfies fewer than n conditions of the form (6). 

* Cf. Birkhoff, loc. cit. 
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On the other hand, we readily see from Theorem 1 that if the condi- 
tions (6) are linearly independent, the system (5), (6) is in general incom- 
patible, since in the space of 2n? dimensions determined by the coordinates 
a, ++ a", B;, +++ B"""! the equation D = 0 determines an algebraic mani- 
fold of only 2n? — 1 dimensions.* 

THEOREM 3. A necessary and sufficient condition that the system (1), 
(4) have one and only one solution is that the reduced system (5), (6) be in- 
compatible. 

A considerable part of this theorem follows at once from the obvious 
fact that if (1), (4) admits of a solution at all, its general solution may be 
obtained by adding to any particular solution of (1), (4) the general solution 
of the reduced system (5), (6). If then (5), (6) is compatible, (1), (4) has 
either no solution or an infinite number of solutions; while if (5), (6) is 
incompatible (1), (4) cannot have more than one solution. To prove our 
theorem completely, we need, then, merely to show that if (5), (6) is 
incompatible, (1), (4) admits a solution. 

To prove this we begin with the semi-homogeneous case p = 0. We 
see then from Theorem 2 that there exist n solutions y;, ---y, of (1), no 
one of which vanishes identically, and such that y; satisfies all of the reduced 
conditions (6) except the ith. Since the system (5), (6) is to be incompatible, 
none of the constants W,(y;) are zero. Consequently the function 


yy oe YnYn 
Wily) Wn(Yn) 


is a solution of (1) which satisfies all the conditions (4). 


Turning now to the general case, let us denote by u any particular solu- 
tion of (1), and by y the solution of (5) which satisfies the conditions 


Wily) = 7. — Wil) 


The existence of this function y is established by the part of the theorem 
we have just proved. The function u + y is now clearly a solution of (1), 
(4). Thus our theorem is proved. 


II. Green’s Functions. 


2. Definition and Condition for Existence.—-We may arrive at the 
conception of the Green’s Function for the system (5), (6) by attempting, 
in case the system is incompatible, to find a function not indentically zero 


* To clinch this argument it is necessary to know that D does not vanish identically, i. e., for all 
possible conditions (6). This can be shown by exhibiting any particular system (6) for which 
D + 0; and such a system is that in which a; = a,’ = a,” = =a,'"—"l= | while all the other a’s 
and all the §’s are zero. 
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which comes as near as possible to being a solution of the system, the only 
failure lying in a discontinuity in its (n — 1)th derivative at a single point ¢. 
Since it is only when such a function exists fur every value of & between 
a and b that it proves to be of any importance, we lay down the definition 
as follows: 

Derinition. By a Green’s Function G(x, &) of the system (5), (6), 
where we assume the conditions (6) to be linearly independent, we understand 
a function of (x, §) defined whena=x=b, a<& <b, and which for every 
such value of & when regarded asa function of x alone has the following 
properties: 

1) Throughout the interval a=x=b it is continuous and has continuous 
derivatives of the firstn — 2 orders. 

2) At every point of the interval a= x = b except x = & it satisfies (5). 

3) It fulfills the boundary conditions (6). 

4) At é it has a forward derivative of order n —1, D., and a backward 
derivative of order n — 1, D_; and 


D, — D_ =1. 


It will be noticed that in this definition we do not demand that the 
system (5), (6) be incompatible; and even if it is incompatible we do not 
as yet know that a Green’s function will exist, or, if it does exist, whether 
it will be uniquely determined. We proceed to investigate these questions. 

Let y:, ---y, be a fundamental system of (5), and form with undeter- 
mined coefficients the two solutions 


u(r) CyYi(®) + eee + Cayn(Z), 
U(x) = dyyy(x) + +++ + day,(2). 
The most general function which satisfies 2) of our definition is 


_ u(r) a=zr=¢t 


(7) G(x,t) = . 
hai u(x) §=2z=b. 

In order that conditions 1) and 4) of our definition be satisfied by 
this function, it is necessary and sufficient that the c’s and d’s satisfy the 
following equations: 

dy, (E) ++ + +dnyi(E) — ery)" (&) — «+» — enh" (€) =O 
(8) (¢=0,1,---n—2) 
dy," (&) + +++ +dayl" elt) —eys" (8) — +» — egy" (6) = 1. 


This may be regarded as a system of linear equations for determining 
the n differences d; — c;. The determinant of these equations, being the 
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Wronskian of the y’s, is not zero since the y’s are linearly independent. The 
equations (8) have therefore one and only one solution which we will 
denote by 2:, ---Z,. These quantities, like the c’s and a’s, are of course 
functions of ¢, and we write explicitly 


(9) dg) — ef&) = 2,(&). 


These functions z, may be immediately written out each as the 
ratio of two determinants by Cramer’s Rule. They are precisely the fune- 
tions defined by Frobenius* as the functions adjoint to yi, ++: Yn. It is 
evident that these functions are continuous throughout the interval 
a=t=b. Apart from this fact we need for the moment only one property 
of 2:1, ---2,, namely that they are linearly independent. 

In order that the function G in (7) satisfy condition 3) of our definition, 
it is necessary and sufficient that the c’s and d’s satisfy the following equa- 
tions: 


(10) cAdys) +--+: +OnA(yn) + GBiys) + --- +d,Bily,) = 0 


or, after the c’s have been replaced by their values from (9) 


(11) dWiy) +--+: td,Wilyn) = Ayr) +--+ + 2nAilYn) 


(i = 1,2, ---n). 


This is a system of linear equations for determining the d’s concerning 
which we will establish the following 

Lemma. A necessary and sufficient condition that equations (11) be 
consistent for all values of — such that a < & < b is that their determinant D 
do not vanish. 

That this is a sufficient condition is obvious from Cramer’s Rule. To 
prove it necessary we suppose D = 0, and have to show that equations 
(11) are inconsistent. From the vanishing of D we infer that there exist 
n constants fy, --- k,, not all zero, such that 


(12) kiWily) + ---» +kWly) =0 (¢=1,2,---n). 


By multiplying equations (11) respectively by k,, ---4, and adding, we 
could, if these equations were consistent, infer that 


* Crelle, vol. 77 (1874), p. 250. 

+ The simple proof of this fact which consists in noticing that the Wronskian of the z’s 
cannot vanish since the product of this Wronskian by the Wronskian of the y’s is 1, is not avail- 
able for us unless we make sufficient assumptions concerning the coefficients of (5) to secure the 
existence of the first n—1 derivatives of the 2’s. Cf., however, an article by the author: Bull. 
Amer. Math. Soe., 2d Ser., vol. 8 (1901), p. 53. See particularly Theorem 14, p. 61. 
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ae ee ee 


O=2D kAly) +--> +2, DKA,(y,)- 
j=l Fa 





Since this is an identity in é, and the z’s are linearly independent, it follows | 
that : 
(13) kyAy(ys) + --- +haAalys) = 0 (1 = 1,2, ---n). ; 







Subtracting these equations from (12), we find 





0 (i =1,2,---n). 






‘ (14) ky Biys) + +++ + knBn(yi) 
If we use formula (2) for the A’s and B’s, (13) and (14) take the form f 
(15) (hy +-:: +k,a,)y(a) +--+ +(k,a;"""+--- +k,al" )y"'(a) =0 , 

i 


(16) (kB, +++ +4,8,)y(b) +--+ CR BYU + FRB! yl "(b) =0 
(1 = 1, 2, ---n). 













We may regard (15) as a sytem of linear equations for determining the 
» quantities which occur in it in parentheses. The determinant of this sys- 
tem is the Wronskian of y;, ---y, taken at the point x = a, which, since 
the y’s are linearly independent, is not zero. Consequently 







(17) kell+---+keil=0 (j =0,1,---n—1). 





Similarly we infer from (16) that 






(18) KO +.--+khpi=0 (j=0,1,---n—-1). : 





These relations (17), (18) mean, however, that the conditions (6) are 7 
linearly dependent, a possibility, we have explicitly ruled out in the hy- . 
pothesis of our definition of a Green’s Function. One lemma is thus proved, b | 
since the assumption that it is false has led to a contradiction. : 

If we now notice that the D in our lemma is the same as the D in The- f 
orem 1, we have the result: ; 

THEOREM 4. A necessary and sufficient condition for the existence of a 
Green's Function of the system (5), (6), where the boundary conditions (6) i 
are assumed to be linearly independent, is that the system be incompatible. 










Since, moreover, if this condition is fulfilled, the determinant D of h 
equations (11) is not zero, only one determination of the d’s, and therefore a 
by (9) of the c’s, is possible. Hence f 

Corotuary. If the system (5), (6) is incompatible, it has only one : 
Green’s Function. i 





The Green’s Function has been defined so far only when ¢ is equal neither 
to a nor to b. We now lay down the further 
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Derinition. The formula (7) which gives the Green’s Function when 
a <&t<b shall serve to define it when £ = a and when & = b. 

Since the c’s and d’s obtained from (11) and (9) are clearly continuous 
functions of ¢ when a=i=b, and y:, ---y, are continuous together with 
their first n — 2 derivatives when a = x = b, it follows from (7) that G(a, & 
and its first n — 2 derivatives with regard to x are continuous in each of 
the triangles a=x=t=b and a=t=x=b. Moreover none of these 
functions has any discontinuity on the line r=¢. Hence 

TueoreM 5. If the Green’s Function of the system (5), (6) exists, it is 
a continuous function of (x, £) whena = x= b,a > = b, and the same is true 
of its first n — 2 derivatives with regard to x. 

3. The Fundamental Application of Green’s Functions..—The general solu- 
tion of the problem (1), (4) is clearly the sum of the general solutions 
of the semi-homogeneous problems (1), (6) and (5), (4). We have had 
occasion to consider the latter problem incidentally in $1. If the reduced 
system (5), (6) is incompatible, the former problem has, as we know, one 
and only one solution. We wish to prove in this section that this solution 
is given by the formula 


ry 


(19) u(r) = | G(x, €) pled, 


e/a 


where G is the Green’s Function of (5), (6). Referring to formula (7), we 
see that we can write 


u(x) = f ene) +--+ +d,(é)yn(x)|pléjdé 
_ | lev(E)yi(r) +--+ +.,(E)y,(x)|p(é)dé. 


If we differentiate and simplify by means of (8), we find: 


(a) = f M@yO@) +--+ Oued 


_ f eu +--+ +0e,(é)y\"(x)|\p(e)dt ((=1,---n—1), 

u(x) = f [d,(E)yy"(x) + +++ + d,(é)yl" (x) ]p(é)dé 
| [e,(E)y"'(z) + +++ +.,(&)y"'(x)|p(e)dé + p(z). 
Substituting these values of u and its derivatives in (1), and remembering 
that the y’s are solutions of (5), we see that the function u determined by 


(19) satisfies (1). We also find from the values of u and its derivatives 
just obtained that 
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Au) [la Adw) +--+ + €,(&)A i(yn)]p(é)dé 


4 (7 = i, 2, ° 
Bu) { [di(é)Bilys) + --- + d,(&)Bilyn)|plé)dé 


A reference to (10) shows that the sum of these two quantities is zero. 
Thus we have proved 

THeoreM 6. If the system (5), (6) has a Green’s Function G(x, £), the 
solution of the semi-homogeneous problem (1), (6) is given by (19), and the 
first n — 1 derivatives of u may be obtained by differentiating (19) under the 
integral sign. 

In the special case in which a, = a,’ = --- = a""'’ = 1, while all the 
other a’s and all the 8’s are zero, formula (19) gives the principal solution of 
(1) at the point a, that is the solution which with its first n — 1 derivatives 
vanishes at a. In this case the c’s are all zero by (10), and hence, by (9), 
the d’s are the functions adjoint to the y’s. Hence formula (19) reduces to 
the standard formula (Schlesinger’s Handbuch, vol. 1, p. 78, (6)), obtain- 
able by the method of variation of constants or otherwise, for this principal 
solution. 

4. Further Properties of Green’s Functions._-The facts to which we now 
come are less fundamental than those we have so far considered but they 
are commonly given great prominence in the development of the theory, 
and they are in themselves not without interest. In order to obtain 
them we must impose additional restrictions on the coefficients of (5). 

We assume that p(x) has continuous derivatives of the first n — 7 orders. 

This is sufficient to insure the existence and continuity of the first n 
derivatives of the adjoint functions 2,(¢), ---z,(¢), and to cause them to 
satisfy the adjoint differential equation :* 


Vz P-( U(p,_12 
(00) (— or +(- yr! Pe) ee, P?) 4 ng =0. 


From (11) and (9) we see that the c’s and d’s are linear homogeneous 
combinations with constant coefficients of the z’s. Consequently the 
c’s and d’s are also solutions of (20). Turning to (7), we see then that when 
ris constant, G also satisfies (20) for all values of ¢ in the interval a==b 


* This may be seen as follows: 

Even with the mere assumption of continuity on the functions pi, it is known (cf. Bull. Amer. 
Math. Soe., 2d Ser., vol. 8 (1901), p. 63) that the multipliers (integrating factors) of (5) constitute 
a linear family of which 2, ...z» forms a basis. With the additional restrictions concerning the 
derivatives of the p’s, it is known from Lagrange’s Identity that all solutions of (20) are multi- 
pliers of (5). These solutions form a linear family involving » linearly independent functions. 
Consequently the solutions of (20) are identical with the linear family e21+ . . . +¢nzZn. 





_— 
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except ¢ = 2x, and that even at this point it satisfies (20) if we agree to con- 
sider only forward or only backward derivatives. 

In order to compare these forward and backward derivatives, that is 
the derivatives with regard to ¢ of wu; and we at the point — = x, we turn to 
equations (8). Differentiate each of these equations with regard to &, 
remembering that the c’s and d’s are themselves functions of &, and sub- 
tract from each equation thus obtained the next following equation (8). 
We thus get the system of n — 1 equations: 


f°® +--+ EKO —en'@ — --- 
(8) a -++ n—3), 
diy (EV + +dlyi?)(8) —eyyy" (8) — «+ eye) = - 1. 


If here we differentiate each equation and subtract from it the next 
following equation (8’), we get a system of n — 2 equations (8’’), ete. 
Finally we collect together the first equations of the sets (8), (8’), (8), ---, 
and thus obtain a new system 


di (é)y(&) +--+ +)(é)y,(E) — ef) (E)y(E) — ++ — ch (By, (E) = 0 
(ij =0,1,---n—2), 
eo... 2 
d\"~"'(E)y,(&) +--+ + di" (&)y,(é) 
— ¢" "(ey (&) — --- — el (e)y, (&) = (-—1)"". 


These equations show us that the first n — 2 forward derivatives of G 
with regard to ~ at the point & = x have the same values respectively as 
the corresponding backward derivatives; while if we denote by A, and A 
the (n — 1)th forward and backward derivatives respectively at & = 2, 


A, — A. = (— 1)". 


We thus see that, except for the boundary conditions, G when regarded 
as a function of £, x being a paramete'r satisfies precisely the conditions for 
the Green’s function of equation (20), or if n is odd, for the negative of this 
Green’s function. Let us then see whether we can find a system of bound- 
ary conditions of the form (6) satisfied by G for each (constant) value of z. 
The important point here is that the coefficients a, 8 must be independent of 
of x. 

Let us write 


A(y) = ag(a) + --- +a'"""'y"""(a), 
Bly) = Bo(b) + --- + B*"e"(b), 
W(¢) = A(y) + Bl), 
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where the a’s and #’s are undetermined constants. We wish to determine 
these constants in the most general way possible so that G(z, £) regarded as 
a function of & shall satisfy the relation W(G) = 0. From (7) we have 
(¢ being regarded as a constant in w;, U2 as well as in G): 


W(G) = A(us) + Blu) = yi(x)[A(d,) + Bley)] + --- + yn(x)[A(d,) + B(e,)]. 


Consequently W(G) vanishes for all values of x when and only when 
all the coefficients of y:, ---y, in this expression are zero; that is when and 
only when the a’s and §’s satisfy the following equations: 


(22) adja) +--+ + a'-"d~"'(a) + Be(b) + --- + B""e,"""(b) = 0 
(1 = 1,2, ---n). 


LemMMA. The equations (22) are linearly independent. 
Suppose this were not the case. Then there would exist n constants 
ky, »+-k, not all zero and such that 


kd?\(a) + k,dy'(a) + --- + k,d¥'(a) = 0 
| | - (j =0,1,---n—1). 
kc? (a) + kycy (a) + --- +h, c?'(a) = 0. 


(Consequently the functions 


hyd, (&) + a + knd,(), 
heyc,(€) + cee Kenn (é) 


vanish, together with their first n — 1 derivatives, at the points a and b 
respectively ; so that, being solutions of (20), they vanish identically. Ac- 
cordingly their difference, which by (9) is 


ke yz, (&) +--+ kn2n(€), 


vanishes identically. But this is impossible since, as we noted in §2, 
z;, --+ 2, are linearly independent. 

The equations (22), being thus linearly independent, have n linearly 
independent solutions, which we denote by 


— _ — -_, - l 


, eat 1 ” 
Clg Az, °° * » Boo Bsn °° * 8; -n), 


upon which all other solutions are linearly dependent. 
DeFIniTIon. The linearly independent boundary conditions 


(23) au(a)+---f+al™ul""(a) + Bub) + +» +8 ul"(b) =0 
(= 1,2, ---n), 


together with the equation (20) form a homogeneous system which we call the 
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system adjoint to the system (5), (6). In forming this system it is assumed 
that the system (5), (6) is incompatible.* 

‘fhe facts proved in this section may now be summed up in the following 
theorem: 

THEOREM 7. Jf the system (5), (6) has a Green’s function G(x, &), then 
(— 1)"G(x, £) ts the Green’s function of the adjoint system (20), (23).7 

From this it follows that the system (20), (23) is also incompatible 
since it is only incompatible systems which have a Green’s function. 
Moreover the system adjoint to (20), (23) has, by Theorem 7, G(2, &) as 
its Green’s function. The differential equation of this system is (5), 
since any homogeneous linear differential equation is the adjoint of its 
adjoint. Moreover the boundary conditions of the system adjoint to 
(20), (23) are easily seen to be conditions (6), since in the proof of Theorem 7 
it was shown that there is essentially only one system of boundary conditions 
in the parameter which a Green’s function satisfies. Hence 

THeorEM 8. If the system (5), (6) is incompatible, its adjoint is also 
incompatible, and the adjoint of this last named system is the original system 
(5), (6). 

The theory of Green’s functions can be put into a more elegant form by 
considering, with Hilbert, not the differential equation (5) but the differ- 
ential expression 


— d’u d's 
9 sie dae 
(23) L(u) = ar" +a, dr" 4 + au, 


where the a’s are functions of x continuous throughout the interval a =z=b, 
a; has continuous derivatives of the first n — 7 orders, and ao does not vanish 
at any point of this interval. 

DEFINITION. By the Green’s function of the system consisting of the 
expression (23) and the conditions (6) is understood the quotient of the Green’s 
function of the system consisting of the equation L(u) = 0 and the conditions 
(6) by ao(é). 

The properties of Green’s functions in this sense follow at once from the 
results already obtained. For instance, if we denote the Green’s function 
in the new sense by G(z, £), it is still true that the solution of the non-homo- 
geneous equation 

L(u) = p 

* The term adjoint in this sense and the conception with this degree of generality was first 
used by Birkhoff, loc. cit. Indeed he defines the conception in a more general case since he does 
not restrict the system (5), (6) to be incompatible. Cf. also Bounitzki, loc. cit. Ina special case 
the conception occurs in a paper of Liouville (Liouville’s Journal, vol. 3 (1838), p. 561). That this 
conception plays an important part in the theory of Green’s functions was clearly indicated by 
the present writer in 1901 (cf. loc. cit.). 

+ The factor (—1)" was omitted by an oversight in my paper of 1901. 
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which satisfies the homogeneous conditions (6) is, provided G exists, given 






by formula (19). 
Again, the system adjoint to (23), (6) consists of the expression adjoint i 

to L(w) and of the boundary conditions which G(z, £) satisfies when re- | 
garded as a function of — These boundary conditions, however, are not 
; 





the same as those satisfied by the Green’s function of the equation L(u) = 0 
together with (6). With this understanding we may say that the Green’s 
function of (23), (6) is, when regarded as a function of £, precisely the 
Green’s function of the adjoint system. It seems hardly necessary to 
multiply illustrations or to go into proofs here. 

We close by noting that the Green’s function of the expresssion (23) 
together with the conditions (6) is a covariant both with regard to change of inde- 
pendent and of dependent variable of the system consisting of the equation 
L(u) = 0 together with the conditions (6). That is, if a change of independent 
variable 
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t= f(z), +r = f(é), 
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where f(2) has continuous derivatives of the first n orders, and f’(x) does 
not vanish in the interval a ~ 2b, is made both in (23) and in (6), 
the Green’s function of the transformed system is equal to the Green’s 
funetion of the original system multiplied by a power (the (— 1)th) of 
/(£): and on the other hand a change of independent variable 


s 
















where y is a given non-vanishing function of x which in the interval a= x= 6 
is continuous and has continuous derivatives of the first n orders, carries 
over the system (23), (6) into a system whose Green’s function is equal to 
the product of the original Green’s function by a power (the ( — 1)th) of . 
vir) And finally, if the expression (23) is multiplied by a non-vanishing 
function g(x), which together with its first n derivatives is continuous in 










the interval a = x = b, the Green’s function of the new system is equal to } 
the original Green’s function multiplied by a power (the (— 1)th) of ¢(é). - 
The truth of these statements follows readily from the definition of a 








Gireen’s functions. As in § 2, we need not demand the existence of deriva- 
tives of the coefficients a,. 







Ill. The Linear Difference Equation. ¢ 


5. Linear Boundary Problems.—We consider here the difference equation 






(24) po(x)u(x +n) + pi(x)u(a +n — 1) +--+ + pa(x)u(x) = p(x) : 
(xc =a,at+l1, ---b—n), 
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where a and b, and consequently x, may without loss of generality be 
regarded as integers. We will assume that po (x) and p,(x) do not vanish 
for any value of x from a to b—n inclusive; and that b — a =n. 

Along with (24) we consider certain boundary conditions which we 


denote as follows: 
If y(x) is a function of the integer x defined when a= .x=b, we write 


Aly) = diig(a +n —1) + ali.e(a +n — 2) + --- + a,"'¢(a) 


Big) = Bielb — n +1) + Bi el(b — n + 2) +--+ + Bi (b) 


(7 = 1,2, ---n), 


(25) 


where the a’s and @’s are constants, i. e., independent of x. If, now, we let 
(26) W ilo) => Aly) a Bile), 
we may write our boundary conditions as follows, the y’s being constants: 


(27) Wu) = 4, a 6.8 ccc) 


The system (24), (27) is in general non-homogeneous, and we distin- 
guish between semi-homogeneous and homogeneous systems _ precisely 
as in the analogous case of §1. The reduced system is 


(28) polx)u(a +n) + pi(x)u(r +n —1) + --- + p,(x)u(x) = 0 
(r=a,at+1, ---b—n), 


(29) Wi(u) = 0 2, ---m). 


We define compatibility, k-fold compatibility, for the homogeneous sys- 
tem (28), (29) precisely as in §1, and we see at once that Theorems 1, 2 
hold here also if (5), (6) be replaced by (28), (29). We also see, as in §1, 
that if the conditions (29) are linearly independent, the system (28), (29) 
is in general incompatible, the special conditions (29) which show that the 
determinant D does not always vanish being 


u(a) = ulat+1)=--- =ulat+n-—l) = 0. 


Finally the fundamental theorem here is 

THEOREM 9. A necessary and sufficient condition that the system (24), 
(27) have one and only one solution is that the reduced system (28), (29) be 
incompatible. 

The proof of this theorem is identical with the proof of Theorem 3 in §1. 

6. Green’s Functions for Linear Difference Equations.-—Here too the con- 
ception of a Green’s Function may be regarded as having its rise in the 
attempt to form a function not identically zero which comes as near as 
possible to satisfying the system (28), (29) when this system is incompatible. 
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Derinition. By a Green’s function G(x, §) of the system consisting of 
the expression in (28), and conditions (29), where we assume that the conditions 
29) are linearly independent, we understand a function of the integral argu- 
ments (x, ) defined when a= x=b, a=t=b — n, and such that when ¢ is 
fixed, G regarded as a function of x satisfies the boundary conditions (29); 
and, except for the one value x = &, the equation (28); and is such that when 
substituted in the first member of (28), this first member takes the value 1 when 
x=. 

In order to see under what circumstances such a function exists, we 
consider a system yi, ---Yyn Of linearly independent solutions of (28), and 
form from them with undetermined coefficients the further solutions 


u(x) = cyyi(xz) + --- + €,y,(2), 
u(x) = diyi(x) + --- + day,(2), 


where the c’s and d’s are ultimately to be functions of &; a fact which will 
be indicated when necessary. 

The most general function which satisfies (28) except when x has one of 
the valuest,é — 1, ---& —n-+ 1 lying in the interval a = xz =b — nis then 


89s 


(30) 


u(r) r=a,a+l, ---é, 
(31) u(r) = 
u(r) r=§+1,¢42,---D. 
In order that u(x) satisfy (28) also at such of the points z = ¢ — 1, 
-£—n-+ 1 as satisfy the inequality a = x it is evidently necessary* and 


s 


sufficient that 
(32) U(r) = Uy(x) r=it+t1§+2,---¢+n-1. 


In order that the condition demanded in the last clause of our definition 
be fulfilled it is then necessary and sufficient that 


(33) polé)[us(é + nr) — u(— + n)] = 1. 
Substituting in (32), (33) the value of u; and us from (30), and setting 
(34) z(t) = polt)(di(t) — c,(é)), 


we find as an equivalent form for conditions (32), (33) 


2.(t)y(t +2) +--+ tzn(t)y(é +i) =O (i =1,2, ---n—1) 


(35) 
zi(E)yi(é +n) + --- + 2,(E)y(E +n) = 1. 
* Strictly speaking this is necessary only when a=f—n-+1, so that all the points in question 
lie in the interval ab. If some of the points §—1, ...—n+1 lie outside of the interval ab, some 
of the conditions (32) need not be imposed. They may, however, in this case be imposed without 


at all affecting the function u(x). 
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This is a system of linear equations for determining the z’s, whose 
determinant, since the y’s are linearly independent solutions of (28), is 
not zero. The functions z are therefore uniquely determined and are called 
the functions adjoint to y:, +--+ yn. It should be noticed that whereas the 
y's are defined when a = x = b, the 2’s are defined only when a=£=b — n. 

Lemma. The functions 2,(€), +++ Zn(€) are linearly independent. 

If they were not, the determinant 


21(¢) 


a(gé—-n+1)---2,./& —n+1) 


would necessarily vanish for all values of ¢ from a to b — n inelusive. This 
is impossible since, when we form the product of \ by the determinant 


yslé + 1) --- ya(& + 1) 


yyl&E +n) ---ylE +n) 


by combining rows with rows, we get, as we see from (35), a determinant 
which has zeros everywhere above the secondary diagonal and ones at every 
point in this diagonal, and which is therefore not zero. This proves our 
lemma. 

Returning now to the function u(x) defined by (31), let us see whether 
we can make it satisfy the boundary conditions (29). For this purpose it is 
necessary and sufficient that the quantities c, d satisfy the relations 


(36) cAlys) +--+ + enAslyn) + di Billy) + --- + d,Bily,) = 0 


(1 = 1,2, ---n). 


Substituting here for the c’s their values from (34), we find 
polé)[di(—)Wilys) + --- + d,(é)Wily,)] 
37) 
= 2,(E)Alyi) +--+ +en(E)Alyn) (0 = 1, 2, ---M). 


Lemma. A_ necessary and sufficient condition that equations (37) be 
consistent for all values of § for which a = & = b — n is that the determinant D 
of Theorem 1 do not vanish. 

The proof of this lemma follows so closely the proof of the lemma pre- 
ceding Theorem 4 that it is unnecessary to repeat it. 
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We now obtain at once 

TuEeoreM 10. A necessary and sufficient condition for the existence of a 
Green’s function of the system, consisting of the expression in (28) together 
with conditions (29), where (29) are assumed to be linearly independent, is 
that the system (28), (29) be incompatible. 

Corotuary. If the system (28), (29) is incompatible, there exists only 
one Green's function. 

7. An Application of Green’s Function.—If the Green’s function G used 
in §6 exists, we know that the semi-homogeneous system (24), (29) has 
one and only one solution. We wish to prove in this section that this 
solution is given by the formula 


b—n 


(38) u(x) = D> Gz, ¢)p(é). 
g=a 


The function u determined by (38) may be written 


r—l 


u(x) = Do [dil(t)yi(x) + --- + da(é)yn(x)]p(é) 


(39) _ 


+ % [er(é)ys(x) +--+ + ca(€)ya(z)|p(é). 


Using formule (35), and assuming r = b — n + 1, we see that we may 
write: 


ur+i)= E [di (e)yr(a +i) +--+ + da(é)yn(x + 2) p(s) 
f=a 


b—n 


+ do lele)yi(a + it) +--+ HenlE)yn(x + d]plt) (=1,2,---n—-1). 
f=r 


Finally if r=b—n 


r—l 


ur +n) = Do [dil(e)yi(a + n) + --- + dalé)yn(x + n)Jp(é) 
t=a 
L lev’ (x) 
+ > [ev(E)yi(a + n) — vr + CalEVYn(@ + n)|p(¢) > P 5 
i Po(X) 


From these equations it follows that, since the y’s are solutions of 


(28), u(x) satisfies (24). We also find from the values of u(x), u(x + 1), 
--u(x + n — 1) just obtained 


Adu) = ¥ [ee dys) + «+> + cal®)A Cyn) |p), 
f=a 


bn 


Bu) = > (dit) Bi(ys) + =e + d,(€)B (yn) |p(é)- 
f=a 
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A reference to (36) shows that the sum of these two quantities is zero; 
hence 

THEOREM 11. Jf the system consisting of the first member of (24) and the 
conditions (29) has a Green’s function G(x, &), the solution of the semi-homo- 
geneous system (24), (29) is given by (38). 

Here too we may obtain, as a very special case, the formula for expressing 
the solution of (24) which vanishes at the points a,a+ 1, ---a+n-—1 
in terms of a fundamental system y:, ---y, of the reduced equation (28). 
Here all the c’s vanish identically by (36), while the d’s are then determined 
by (34) in terms of the z’s. Hence, from (39), 

> p(t) 


(x) = 2(E)yy(x soe + 2, (E)y,(r) 
ula) = Dla@ulz) ++ + aQyle 


is the desired solution of (24),—the principal solution at the point a. 


It would now be easy to proceed to parallel the developments of §4 
by introducing the adjoint difference equation.* Enough has, however, 
already been said to indicate how completely the whole theory can be carried 
over from differential to difference equations. 


Harvarp UNIVERSITY, 
CAMBRIDGE, Mass. 
June 10, 1911. 


* Cf. for instance Wallenberg: Sitzungsberichte d. Berl. math. Ges., 7th vear (1908), p. 50. 





CONJUGATE DIRECTIONS ON A HYPERSURFACE IN A SPACE OF FOUR 
DIMENSIONS AND SOME AdLIED CURVES. 


By C. L. E. Moore. 


Introduction._—On a surface in a space of three dimensions the line join- 
ing two infinitely near points (x1, %e, 3, 24), (41 + day, 2 + dx2---), or 
as we shall say for brevity the points xz and x + dz, and the line of inter- 
section of the planes tangent to the surface at these two points define 
what are called conjugate directions. The correspondence between these 
lines is projective and the coincident or self-corresponding elements define 
the principal or asymptotic directions. This is one of the most important 
topies in differential geometry. 

The idea of conjugate directions has been somewhat generalized by 
segre.* He studied the correspondence between the planes determined 
by the fixed point x and the two neighboring points x + dz, x + 2dr + dx 
(dx and d*x are variable) and the point of intersection of the planes tangent 
to the surface at these points. 

It is the object of the present paper to study the two corresponding 
problems for hypersurfaces in space of four dimensions. In each case we 
have a line-plane correspondence, which possesses properties similar to 
those for space of three dimensions. The correspondence between the 
planes determined by the fixed point x and the points x + dz, x+2dzr+-d*x 
and the line of intersection of the plane spaces tangent to the hypersurface 
at these three points forms the extension of Segre’s problem. This cor- 
respondence is (1, 1). The correspondence between the plane S; de- 
termined by four infinitely near points and the point of intersection of the 
tangent spaces to the hypersurface at these points is (9, 2%) and therefore 
is not discussed. Here four infinitely near points uniquely determine a 
single point of intersection of the tangent spaces but the same S; is deter- 
mined by any four infinitely near points lying on the surface of inter- 
section of the hypersurface with this Ss. 

1. Conjugate Directions.The tangent lines at a point x to a hyper- 
surface in a space of four dimensions S, will generate a tangent hyperplane 
t. ‘Two successive tangent hyperplanes will intersect in a plane which is 
tangent to the hypersurface at x, that is, the plane will contain a pencil of 

*Complementi alla theoria delle tangenti coniugati di una superficie. Rendiconti dei 
Lineei, vol. XVII, page 405. 
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tangent lines passing through x. The common plane and the line joining 
the points of contact of two successive tangent hyperplanes are said to be 
conjugate. If we consider the hypersurface as the envelope of its tangent 
hyperplanes, the tangent 7; at the point xand the tangent 7; at the infinitely 
near point x + dr can be taken as the hyperplanes ¢ and & + 6£ where the 
equation of the hyperplane is Yéx=0. If we consider a direction as defined 
by two infinitely near elements, whether points or hyperplanes, the two 
hyperplanes ¢ and ¢ + 6¢ will define a direction among the 2% hyperplanes 
tangent to the hypersurface V3. Then we will say that the directions z, 
a+ drandét,é + dé are conjugate. This agrees with the general conception 
of conjugate directions on a surface in an ordinary space Ss. 

We saw that the common plane to two consecutive hyperplanes contains 
a pencil of lines (directions) through the point O. There we can look upon 
the line joining the points of contact as conjugate to this whole pencil of 
directions. This correspondence between the tangent lines and the tan- 
gent planes is a (1,1) correspondence. In fact, it is a polar reciprocation as 
can be shown as follows. 

Let the equations of the hypersurface V; be 


(F) 2X; = 2;(U, Ue, Us) (¢ = 1, 2, 3, 4, 5). 


Now if we consider the u’s as functions of a single variable ¢, x, will describe 
a curve on V; passing through the point O whose coordinates are (2, Ze, 2s, 
X4, t;) say. The tangent line to this curve will join z tox + dz. On the 
other hand if we consider V; as the envelope of its tangent hyperplanes then 
its equations are 

(E) E, = &\(Uy, Us, Us) (i = 1, 2,3,4, 5). 


In these equations (/’) and (/) if we give any definite set of values to the u’s 
the equation (F) will give the point of contact of the hyperplane (2). If 
the w’s in (F£) are the same functions of t as above, the hyperplanes (£) will 
be tangent to V; in the points of the above curve. Two successive tangent 
hyperplanes wil! intersect in a tangent plane and the correspondence sought 
is that between these planes and the tangent lines to the curve at the point 
of contact of the plane. 

Consider the two hyperplanes obtained by giving to the parameters the 
values u and u + éu. These same values of the parameters put in equa- 
tions (F) will give the points of contact of the two hyperplanes. Then on 
V; the direction determined by éu, is the direction of the line joining the 
points of contact of the two hyperplanes. The equations of the two hyper- 
planes are 
(1) (2) = 0, (+ 6&2) = 0, 
where 
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(E, x) = TEs = E:X, + Eee + Egxg + Eyey + Esa. 
The second of equations (1) can be replaced, in consequence of the first, by 
(6&, 2) = 0. 


The condition that this hyperplane should contain the point x + dz, since 
it already contains the point z is 


(st, dr) = 0. 


The directions du are then the directions conjugate to the directions éu. 
All the directions du which are conjugate to éu form the plane of intersection 
of the two hyperplanes — and + 6 The above relation may be put in the 


form 
0& Ox 
= 0. 
(=. iu), (= ; au) ( 


0k ox ‘ 
z (, — bu,du; = 0. 
Ou; Ou; 


The tangent hyperplane is determined by the points 


Ox Ox Ox 
= = — 4 — 
Y, (:, =) 0, (:, =) 0, (:, = ) 0 


‘here the points are represented as the envelope of the hyperplanes which 
pass through them). Differentiating equations (3) except the first and 
remembering that both the é’s and the x’s are functions of the w’s, we have 


0& Ox ox . 3 , 
e, = 0 (i, 7 = I, 2, 3). 
(=. = ) + (: scia) J 


O—& OX 


; from these equations in (2), we have 
Ou; OU; 


Substituting the values of ( 


ox 
¢ — = 0, 
(:, sia.) sudu,; 


tJ 


or in still simpler form 


Ox 
(4) i id ) = Q. 
(:, du ,du; ee 


liminating & between (3) and (4) we have 
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OX, OX, OX, ~ O72, 


> bu,;du; 
du, OU. du; ~ dujdu; * ” 


OX» 
Ou, 
OX; 
Ou, 
OX, 
Ou, 


Or; 
ws 
Ou, 


In this equation 6u and du appear symmetrically and therefore the 
correspondence between the planes defined by 6u and the lines defined 
by du is symmetric. 

When 6u = du, we have 


OX, OX, OX, 


=-/ 
(9 ) a . me 
: OU, OUs OU Ou ,Ou; 


This new equation defines a quadric cone of directions in the tangent 75. 
The planes corresponding to the lines of this cone will contain their cor- 
responding line and are tangent planes to the cone. The plane corre- 
sponding to any line (direction) through the vertex of the cone is the polar 
reciprocal of the line with respect to the cone. These properties can be 
most easily seen by cutting 7 by an S; which does not pass through r. 
Then in the plane of intersection 6u, may be considered as the coordinates 
of a line and du, as the coordinates of a point. Equation (5) defines a 
polar reciprocation from which the above statements follow if we replace 
lines of (5’) by points of a conic and planes tangent to (5’) by lines tangent 
to the conic ecc. 

The tangents to the directions defined by the cone (5’) will env elope 
curves on V; which have the following properties: 

(1) The osculating planes to such a curve are tangent* to V3. 

(2) The tangents to these curves have three point contact with the hyper- 
surface. 

In order to establish these theorems we consider three infinitely near 
points of the hypersurface which we shall represent in hyperplanar co- 
ordinates.} The expression 

* A plane is said to be tangent to a hypersurface if it lies in the tangent hyperplane and passes 


through the point of contact. 
+ See Segre: Su una classa di Superficie ece. Atti di Torino, 1907. 
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J = (, x) 


will be taken to represent the point xz. The quantities ¢ are hyperplanar 
coordinates and are not functions of ui, us, u3;. With this notation the 
three points infinitely near are ; 


(6) f = (t,z) = 0, 
























(7) fiduy, + fodur + frdu; = 0, 
13,3 * 

(3) : fadudu, a b » f du; = () | 

ik 1 

where 

af arf ; 

i= du,’ fu = du,du;” 5 






ey 








The tangent x3; is determined by the points 


f = 0, f; = 0, fz = 0, fs = 0. 


aA EE een 
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Points (6) and (7) already lie in this x; and we see that (8) is a point on 
the line joining 
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Sfidudu; = 0,  fid*u; = 0, 








= 


the second of which we see always lies in the tangent 73. Hence the plane 
determined by (6), (7), (8) will lie in the tangent 7; if the five points 





eaten irae tea 





(7) f=0, f, =0, f2 =0, fs = 0, Sfadudu, = 0 





lie in this x3. This condition is exactly equation (5’). Hence 

Through each point of V3 pass 2! curves for each of which the osculating 
plane is tangent to V3. 

To prove the second property, that is, that tangents to these curves 
have three point contact with V3; we will investigate the condition in order 
that the three points (6), (7), (8) lie in the same line. It will be necessary 
to show that if these three points lie in a line the five points (7) will lie 
in a x; and conversely if the five points (7’) lie in a zs; (6), (7), (8) are col- 
linear. The first is established as follows. (8) represents a point on the 
line joining the two points Yfududu. = 0, xXfid’u; = 0. This second 
point is some point of the plane determined by fi = f2 = fs = 0. The 
point (7) is also a point of this plane. Then the line joining (7) and (8) 
must lie in the S; determined by the four points Sfi.dudu, = 0, fi = 9, 
J: = 0, fs = 0, and if the points (6), (7), (8) are collinear then f = 0 must 
also lie in this same S;. Equation (5’) is the condition that these five 
points should lie in the same Ss. Conversely if the above five points lie in 
an S; then d2u; can be determined so that the point (8) will lie on the line 
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joining (6) and (7). For if du; are allowed to vary (8) will generate a 
plane in z; and the values of d’u; which will give the point where the line 
joining (6) and (7) cuts this plane will be the values desired. Hence: 

The curves tangent to the elements of the cone (5') are such that their tangents 
have three point contact with V3. 

If we trace on V3; any curve c, the planes conjugate to the tangent lines 
of the curve will envelope a developable* surface. 

This is evident from the fact that the tangent z;’s to V; in points of c¢, 
admit as envelope a system of 2! planes. The envelope of this system 
of planes is a system of 2! lines which touch a curve. 

2. Asymptotic Directions.—The x' directions defined by (5’) can be looked 
upon as directions along which the tangent hyperplane z; has higher order 
contact with V3. In fact along these directions 7; contains points of V3; 
infinitely near to the second order, since it contains the osculating planes 
to the curves in this direction. Let us now examine if there are directions 
along which 7z; will have contact of third order, that is the osculating S; of 
curves in this direction will coincide with z;. The osculating S; of a curve 
on V; passing through a point O given by (6) is defined by (6), the points 
(7), (8) and (9) 


Sfindudu du, + 32fudud@u, + Sfidu, = 0. 
If the first three points lie in 73, it is necessary that 
(10) Sfududu, = 0 


also lies in 73. Writing this in the form 


(frrduy + frodu, + fisdus)du; + (fioduy + foodies + fosdus)dus 
+ (fisduy + foz3dus + fo3duz3)du; = 


and writing the second term of (9) in the form 


(firduy + fiodu, + figdus)d?uy + (fyeduy + fosdus, + fosdus)d?uy 
) 
+ (fisduy + fosdue + fagduz)d*uz = 0, 


(10’ 


we see that if (10) lies in 7; then du; can be so chosen that this latter point 
also will lie in it. Since >f,d*u; = 0 lies in 73, in order for the four points 
to lie in z;, it remains only for 


Sfiundudu du, = 0 
j 


to lie in it. Then we have the condition (5’) and 


* * . 
A developable surface here used is a surface which has the same tangent plane at every 
point of a line. 
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Ox, OX, OX, - 02x, 
OU, OUy OUz ~ OUj;dU2dUs; 





du,dusdu; 










OXe 
Ou, 







0X3 
Ou, 






OX, 
Ou, 














OX; 
Is a 
Ou, 
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Then the directions along which the osculating S; to the curve coincides 
with z; are defined by the values of du;: du2: du; which satisfy (5’) and (11). 
Hence 

Through a point O on V3 pass six directions* along which curves can be 
drawn whose osculating S3 coincides with the tangent x3 at O. 

We saw that equation (5’) expressed the condition that the three in- 
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finitely near points (x), (dx), (d*x) should be on the same line, or that the ¢ 

points (6), (7), (8) which determine the plane of these three points should 3 

be on the same line. Equation (11) expresses that the point (9) also lies ; 

on the same line. For (9) is some point in the plane determined by the i, 

three points if 

Yfindududu, = 0, XUfidudtu; = 0, =fdu; = 0. P 

$ 

The second and third points lie on the line determined by (6), (7), (8) for ; | 

particular values of d®u,; and d*u;. Then if (9) is to lie on this line, it is P 
only necessary to have =fj;,du;du,du, = 0 on the line which condition is e | 





expressed by equation (11). Hence 

Through each point of a hypersurface pass six directions such that the 
tangent line to curves in this direction has four point contact with the hyper- 
surface. 
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* This can also be seen by expanding the coordinates about the point O. The point x+dz 
corresponds to the value u+du of the parameters; then 
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lhe tangent hyper-plane contains r+dz to first order infinitesimals and the cone defined by (5’) i 
to second order and if the tangent hyperplane contains ; 
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it will contain 2+dr to third order infinitesimals. 
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These curves form the real generalization of asymptotic curves on a 


surface in ordinary space. 
If we expand equation (5’) in terms of du; we have 


(5”) Pdu? + Qdui + Rdu; + 2Ldu,du, + 2Mdu,du, + 2Ndu,du, = 0 
as the equation of the cone of principal directions where 


OX, OX, OX, OX, Q . OX, OX, OX, A72Xy 
~ "| Guy Au. dus dul 


P= 


’ 


wi = : 9 
‘Ou, OU OU3 OU; 


OX, OX, OX, OX, OX; 0X, OX, 2, 
Bis ” . — = ae 
"Ou; OU, OU; OU; Ou, OUs OU; OU\OUs 


R = 


OX, OX; OX, OT . OX, OX, OX, OT, 
MH o * ’ - ry + . 
. OU, JUy OUz OU;AU3 OU, OUy AUz AU2dU3 


M= 


This cone will degenerate if 
P LM 
(12) LQ N 
MN R 


Since P,Q, R, .. . are functions of the three parameters, usually on V; 
there is a surface along which the cone (5’) will factor. 

3. Special Hypersurfaces.—Let us examine what happens to this cone 
of principal directions for two particular kinds of hypersurfaces: 

(1) A hypersurface generated by ' planes. In this case the planes 
will all touch a fixed curve. For two consecutive planes will intersect in 
a point and the planes all touch the locus of this point.* 

The equation of the hypersurface can then be written 


(H) , = Aj(u,) + dA, (Ju, + p(u,)u,, 


where the accent indicates differentiation with respect to u;. From this 
equation it is at once evident that 


Q=R=N =0, 


but that P, L, M are different from zero. Hence the cone of principal 
directions degenerates into two distinct planes. It is evident that one 
of the planes is the generator passing through the point of contact. The 
equations of the two planes can be written down at once. From (5’’) 


Pdu; + 2Ldu,du, + 2Mdudu, = 0. 


*e ‘ " . . . . » _ . " F : ‘ 
See Segre: Preliminari di una teoria delle varieta luoghi di spazi. Rendiconti di Palermo, 
vol. XXX, p. 87. 
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The two planes then are 


(A) Pdu, aa 2Ldus 4 2Mdu; = 0. 







rom the first we have at once the equation of the generator 






u, = const. 






The direction of the line of intersection of these two planes is 


duz M 


duz L { 









Substituting the values from (#) in the expression for L and M we have 
L 
M = | AXP Xian; | te | 






[Ami AimiAy | Us, 








Hence the above direction reduces to 






Us dus 
uz; dus" 









This defines the direction of the line in a plane u; = const. joining the point 
(us, Us) to the point us = 0, u; = 0. [In the generator which passes through 
the point in question us, us are the non-homogeneous coordinates of the 
points. The point where the generator touches the directrix (the envelope 
of the planes) has coordinates (0, 0).] Hence the line of intersection of 
the generator (@) with (A) always passes through the point where (@) is 
tangent to the directrix, 

((") Xi = Xd, (wu). 










If we write the equation of the tangent S; at the point (w:, we, us) in 
the form 





AUAy + uy, Ajua,| = O, 





we see that if u; is held fixed and us :u; is constant the tangent S; will be 
the same for the whole line thus determined. Hence a tangent S; to Vs 
(locus of 20' planes) is tangent the whole length of a line passing through 
the intersection of (@) and (C).* 

Then the planes (A) corresponding to points on a line passing through the 
intersections of (G@) and (C) form a pencil in the tangent Ss. 







* The pencil of tangent hyperplanes passing through (G) are projective with the pencil of 
lines of contact in (G). This correspondence is an extension of that of Chasles for ruled surfaces 
in S;. This is however only a special case of the correspondence mentioned by Segre, Preliminari 
Rendiconti di Palermo, vol. XXX. 






di una teoria ece. 
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(2) If the system consists of the osculating planes of a curve 
(C) x; = d,(u), 
then the equation of the V3 becomes 
x, = d,(u,) + ud;(u,) + Ur; (U,). 
In this case we see at once 
Q=R=L=M=N=0. 


Hence the two planes of principal directions coincide. This hypersurface 
is a hyperdevelopable that is the envelope of «' hyperplanes. Consecutive 
planes of the system intersect in a line. The surface formed by the lines 
of intersection which we will call the singular developable might be com- 
pared to the cuspidal edge of a developable in S;. An S; will cut V3 in a 
developable and the edge of regression is the curve in which S; cuts this 
singular developable. 

4. Complement of Conjugate Directions.—To the correspondence between 
the plane of intersection of two consecutive tangent spaces and the line 
joining their points of contact one obtains a complement by considering the 
line of intersection of three successive tangent spaces and the plane 
determined by the three points of tangency.* 

In this way lines in the tangent space 7; at a point O are made to cor- 
respond to the’planes which pass through O. This correspondence is (1, 1). 
Some of the properties can be obtained immediately, e. g., to the planes 
passing through a line ¢ which is tangent to V; in O will correspond the 
lines of the plane p the conjugate of ¢ in the correspondence of section 1. 

In order to obtain the equations of the correspondence, we shall consider 
the tangent cone drawn to V; from a line of 73. Here a cone means ~' 
planes which have a line in common. Then the osculating planes of the 
curve of contact of V3; with the cone will correspond to the line which 
forms the vertex of the cone. We will take the point (1, 0, 0, 0, 0) as O 
and take the hyperplane z; = Oas 7;. Let the equation of V; in homoge- 
neous coordinates be 

J (21, Ze, Zs, Xa, %) = f = O. 


The 7x; tangent at (x, 2, 23, 14, 5) is 


Wa; = 0 


(fis used for the derivative df/dzr;). And if x; = 0 is to be tangent at the 
point (1, 0, 0, 0, 0) then 


* See Segre: Complementi alla teoria delle tangenti coniugati di una superficie. Rendicont 
dei Lincei, vol. XVII, p. 405. 
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(13) fh=af=f,=f, =0 


at this point. Let (y1, ye, Ya, Ys, Ys) and (21, Z2, 23, 24, 2;) denote two points 
in 73. The curve of contact of the tangent cone which has the line joining 
these two points for vertex will be the intersection of the three hypers 





















E 

f =90, 4 

(A) Syst _ 0, i 
Lif; = 0. 

. . . . . . ; 

The line of our correspondence is the line joining the points y and z and : 
the corresponding plane is the osculating plane of (K) at O. We shall use Hi 
the Pliicker coordinates for the lines of 73 (2; = 0) which are the deter- b 





minants of the matrix 






Yr Yo Ys Ys 
(L) 






2, | 





and which we shall indicate as usual by 






Pik = Yu — Yrri- 






We shall use as the coordinates of the planes the determinants of the matrix 
of the three points O, dx/dt, d*x/dt? where dr/dt and d°x/dt? are deter- 
mined from the equations of (K). (Here it is assumed that ¢ is the param- 
eter in terms of which we have expressed the coordinates of (K)). Now 
as the coordinates of O are (1, 0, 0, 0, 0) the coordinates of the planes 
passing through O are the three row determinants of the matrix 


1 0 O 0 9O 




















dx, dr. dx; dx, dz; 
dt dt dt dt at 
dx, dx, d*x; d*x; d?x5 
d@ dt dt dt? dt 


















Thus the coordinates of the planes are 





dx; d’x, dx, dz; 





(P _ ™ . | k = 2,3, 4, 5). f 
"a Mm at d& ~ dt de “ f 
To obtain the equations of the correspondence it is only necessary to find a 
the ratio of the values of dr/dt and d?x/dt?. In order to do this we shall é 





make use of the relation 






27; = 1, 





which renders the coordinates homogeneous. 
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Then to determine dx we have 
dx dx 
1 ; Lh dt, 


. Ax dx 
Leyte ay, = 0, Lhe uy, 


ik 


from which we have 
l ] l ] 


d w, fs f 3 f 4 fi 


dt Lyte: i Lyfe 


v 7 - = 
~ZiJ 2% ~~ D2i Js 


and expanding according to the minors of the last two rows, 


dx, Wettes fu In|. ; 
uote 2, (fm —Sn)Pais 
i. i &, e=2 Jia fin 
where m, n are the remaining numbers of 2,3, 4,5 after k,l are chosen. The 
other derivatives can now be written down from symmetry 
dx 


i, j=4 & §=6 Su fis 
dt = + 7 h > 


(fm —In)Piis 
iat wat fi fy 


where the letter A written in front of the second summation sign indicates 
that from the sequence 1, 2, 3, 4, 5 the number h is to be omitted. As 
above m, n are the remaining numbers of 1, 2, 3, 4, 5 after h, k, l are chosen. 
The expressions for d°x/dt? can be obtained at once by differentiating. 
They are 
Mz, sity tists f Sin - . dr, 
(Jun — Ja) Din dt 


jl 


he ell Six S ins dz, 
si ud hide fir S ite (Jn — Jn) Pit dt 


4+Edn 


s=14,j=1 


k t=5 fa Six dz, 
p> fee — fins) Dik dt ° 


slichae fir Jal 


Now making use of relations (13) we see that 


dz; 


a ~* 


since 
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dz; “a0? 
yf dt = (). rs 





Then the expressions for the derivatives become 












dx, iat bas fix Sin | “ . q 
= h ij ; 
dt ES zu » fa f. fsp 1) : / 













and 

dy, <—ii +o Siks Six Sir Sins Si Si dx 
i = + > 3» h p fs+ Sfs+ (ie —fns) ij *. 

dt? a1ij=t wll fa, fy fia Sit fa fir P dt 





From these values the coordinate: gq; of the osculating planes can be 
calculated and we see at once that the correspondence is cubic. 

5. Proceeding with the correspondence between the lines p,; of 73; and 
the planes gy. passing through O, let us take O and three successive points of 
a curve passing through O and draw the four tangent spaces to V; at these 
points and put in the condition that the four points lie in the same plane 
q,. and that the four tangent hyperplanes intersect in the same line p;; of 
z;. In this case the curve of contact of the cone circumscribed to V3; with 
the line p,,; for vertex will have the plane qx for hyperosculating plane. 
Then the four points 


my i En tat oa abba ait ioe 
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will be connected by a linear relation 












dx ax d'x 
Az+ Ba tC at? wp =% 






which will require the vanishing of two four row determinants of the matrix 











ar dr 
dt? dé 


dx 
dt 










rom the expression for d2x/d@ it is at once seen that d'x/dé* is of order three 
in the line coordinates p,; and hence the determinants of the above matrix 
are of order six in p,; Therefore: There is a congruence of lines of order 
36 in m3 such that any tangent cone having one of these lines for vertex will have 
a hyperosculating plane at the point of tangency of the 73. 

By the same method of reasoning it is easily seen that in 73 there are 
6*-7* lines such that the curves of contact of the tangent cones drawn to 
\’; from these lines has in O a plane which has contact of order four, that is 
? and: four successive points lie in one plane. 
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}. Hypersurfaces in S,.--The preceding discussions can be applied to 
.-<T,_, in S, without change. The lines passing through a point O of V,_, 
*.. which have three point contact with V,-; form a quadrie cone in the 

tangent S,_;. This cone is the cone of united elements of the correspond- 
ence formed by taking the line joining two successive points of V; and 
making it correspond to the S,-2 of intersection of the tangent spaces 
to V3; at those points. An S,_» passing through O (and tangent to V;) 
and its corresponding line are polar reciprocals with respect to the above 
cone. The osculating plane to the curves in the direction of the elements 
of the cone will lie in the tangent S,_,; at O. The directions along which 
the osculating S; of the curve lies in the tangent S,_; form a cone of order 
3 and dimensions n — 3. The elements have four-point contact with 
V1. The directions along which the osculating S, to the curve lies in 
in the tangent S,_; form a cone of order 4 and dimensions n — 4 and 
the elements have five-point contact with V,_,, ete. Finally there are 
n — 1 directions such that the osculating S,_,; to the curves will coincide 
with the tangent S,_;.. These directions have (n — 1)-point contact with 
V,_: and form a generalization of asymptotic directions. 

If we consider the curves on V,_; which pass through O and take the 
tangent spaces S,_; at three successive points and the plane which contains 
the three points then we establish a (1, 1) correspondence between the 
planes passing through O and the spaces S,_; contained in the tangent 
S,-1 to V; at O. The correspondence is cubic as in S;. There are »"~* 
S,-3’s such that the curve of intersection of the tangent cone drawn to V; 
from them has in 0 a hyperosculating plane. These S,_;’s form an (n — 2) 
parameter family of order 6". In the tangent S,_,; there are 6"~?-7"° 
S,-3's such that the tangent cone to V; from one of them will be tangent 
along a curve which has in O a plane which has fourth order contact. 
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A THIRD GENERALIZATION OF THE GROUPS OF THE REGULAR 
POLYHEDRONS. 


By G. A. MILLER. 


$1. Introduction. 


On November 10, 1856, Sir William R. Hamilton presented before the 
Irish Academy a paper entitled ‘‘ A new system of roots of unity’ * in which 
he pointed out the interesting fact that if s;, s. represent two operators, 
which obey the associative but not the commutative law of multiplication, 
the three sets of three equations, 


$;" = So" = (8482)" = 1: r= 3, 4, 5. 


define the groups of movements of the regular polyhedrons. The case 
when r = 5 seems to have interested him especially and he denoted the 
resulting group in this special case by ‘‘Icosian Calculus,’ observing that 
all these results may be represented geometrically on the regular icosa- 
hedron or on the regular dodecahedron. About a quarter of a century later 
Dyck rediscovered the same results and put the whole matter in a somewhat 
clearer form from the standpoint of abstract groups.t These relations 
are so simple and admit such a variety of geometric interpretations that 
they have become classic. 

Two generalizations of these Hamiltonian relations were developed 
about a quarter of a century after the publications by Dyck, or about half 
a century after Hamilton had started investigations in this direction. In 
the earlier of these generalizations t the groups generated by s;, 82 when two 
of the three Hamiltonian relations are replaced by a single one, without 
changing the third, were investigated, and the possible groups were deter- 
mined. It was assumed throughout this article that the generating oper- 
ators were not commutative. The special cases when these operators 
are commutative were considered incidentally in a later article.§ In the 
latter article a few errors relating to the first generalizations of the icosa- 
hedral group were also corrected. 

A second generalization of the given Hamiltonian relations appeared 


* Hamilton, Proceedings of the Royal Irish Academy, vol. 6 (1853-7), p. 419. 
| Dyck, Mathematische Annalen, vol. 22 (1883), p. 82. 

t Transactions of the American Mathematical Society, vol. 8 (1907), p. 1. 

§ Quarterly Journal of Mathematics, vol. 41 (1910), p. 171. 
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in two articles. The former of these was devoted to a second generalization 
of the relations defining the tetrahedral and the octahedral groups * while 
the latter confined itself to a second generalization of the icosahedral 
eroup.t In these second generalizations the third Hamiltonian relation 
(s;s2)" = 1 was replaced by (sis2)’ = (s28,)", while the other two relat ons 
were replaced by a single one, just as in the first generalizations. While 
only a small number of different groups involve two generators which 
satisfy the former of these generalized conditions, there is always an in- 
finite number of such groups when the latter generalized relations are 
assumed to be the only conditions impo ed on the two generators. 

The generalizations considered in the present paper are more direct 
than those previously considered as they are obtained from the Hamiltonian 
relations by omitting the condition that the given powers of s;, S2, 8182 are 
equal to unity. That is, we consider relations of the general type 


8)" = Sa.” = (8)S2)’, F . ae 


Such relations are evidently equivalent to the two conditions s;° = s.", 
s;° = (s)82)’ and it will be proved that they are satisfied by the two gener- 
ators of at least two and at most four groups for each value of r. The 
simplicity of these results seems to justify the hope that they may find 
extensive applications. 

It should perhaps be emphasized that the results here obtained are 
considerably simpler than those obtained from the other two generaliza- 
tions that have been noted, and hence the present paper has closer contact 
with the original developments by Hamilton than these earlier generaliza- 
tions have. The reason that the present generalizations were not developed 
first is that the writer did not foresee that they would lead to simple results, 
and did not notice an easy approach to this problem when the other gener- 
alizations were taken up. 

The method employed in §2 is quite different from that used in the 
following sections. This change is due to the fact that it was thought that 
the former method would give a deeper insight into the problem and the con- 
siderations of § 2 were sufficiently simple to employ a more general method of 
work than seemed feasible in the other sections where the considerations 
become more complex. It may however be well to indicate here how to 
prove the main results of §2 by the more special methods employed later. 

Starting with the equations s,? = s2° = (s,s»)3 we observe at once that 


S1, S97 '8,82 have a common square, since s;? is invariant under the group & 
generated by s;, so. Hence s,s.~'s,~'so is transformed into its inverse by 8: 


* American Journal of Mathematies, vol. 32 (1910), p. 65. 
* Quarterly Journal of Mathematics, vol. 41 (1910), p. 168. 
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according to the theorem: If two operators have a common square the 
product of one and the inverse of the other is transformed into its inverse 
by each of these operators.* By means of the equations, 






$1, = $28 828180, $2" = $1828)S28), 











which are equivalent to the given conditional equations, it is easy to verify 4 
the following relations: 






($,8o—18,—182)* = (S28189")* = $o8180°S\So” = 81°. 





As s,° is both invariant under s; and also transformed into its inverse by s,, 
its order divides 12. Hence the order of s2 must divide 18 and the order of 
G divides 72.7 

After having proved that the order of G divides 72 whenever G is gener- 
ated by two operators which satisfy the given conditions, it is comparatively 
asy to determine the total number of groups which may be generated by 
two such operators, and these details are given in the following section. 
In a similar way it may be observed that when 


















$;°> = So*® = (8182); OF 8," = So8\S2, So? = $4898; 





the two operators 8,82, ses; have a common square, and hence 










” 9 ” 


_ —_— —¢ ” —_ _— ” ” _ » 9 
(S)So8] 185 3 = 8) °( $18981"S2 t)2 = 8; 6($)S9"s,)°= $) 6(§)7808,°) S 





—3e 20 © ».2 » 3 
= S$, “S1)°Se818e8)" = Sr. 









Since s;° is invariant under s,s. and also transformed into its inverse by 
$182, the order of s, divides 6 and the order of G divides 24. Hence it is again 









very easy to complete the determination of all the possible groups which ; 
can be generated by two operators satisfying the given conditions. These s 
special developments appear in the following section. ° 
It may be added that if a set of conditions in the form of equations is {| 
given this set is always satisfied by the assumption that each of the operators 
is the identity. This trivial special case is not generally mentioned in a | 





what follows as it is so evident and exists always. Hence it must generally 
be assumed in the following theorems that at least one of the operators 
under consideration is not the identity. This is so often done in group 
theory literature that it scarcely calls for justification in an article. The 
types of alternative proofs suggested for the results of §2 may also be em- 
ployed to prove many of the results of the following sections. 








* Archiv der Mathematik und Physik, vol. 9 (1905), p. 6. 
t This upper limit of the order of G is a direct result of the well known theorem that two 
non-commutative operators s;, 82 Which satisfy the equations s;? = s2* = (8:82) = 1 must generate 


the tetrahedral group. 
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§ 2. Generalization of the tetrahedral group. 


If the two non-commutative generators s), 8s: of a group G satisfy the 

conditions 

$;" = $»° = ($18)° 

it results directly that the cyclic group generated by s,° is the central of 
G, and that the quotient group of G with respect to its central (the central 
quotient group of G) is the tetrahedral group. To the invariant subgroup 
of order 4 in this central quotient group there corresponds a subgroup of G 
whose operators of odd order are in its central and hence this subgroup is 
the direct product of a eyelic group of odd order and a group of order 2°. 
We proceed to prove that the latter is either the four group or the quater- 
nion group. In fact, this follows directly from the necessary property 
of this group that it involves three cyclic subgroups of order 2*7' which 
are conjugate under G. It is well known that there are only two groups of 
order 2* which contain three evelic subgroups of order 2*”' and that the 
groups of order 2* which contain more than one eyelic subgroup of order 
2°-' are conformal with abelian groups whenever a > 3. 

From the preceding paragraph it follows directly that the order of G 
cannot be divisible 16 whenever G is generated by s;, 8. subject to the given 
conditions. It is also easy to see that G cannot involve a subgroup of half 
its own order, since such a subgroup would involve exactly half the operators 
of G which correspond to each operator in its central quotient group. — In 
particular, this subgroup would involve half of the central of G, but this 
half central could not involve the square of any operator corresponding to 
un operator of order 2 in the central quotient group and hence G cannot 
involve a subgroup of half its own order. 

As there is only one group of order 24 which does not contain a sub- 
group of order 12, it results from the preceding paragraph that G must 
be this non-twelve group of order 24 when the order of s; is 4. From the 
properties of this group of order 24 it is clear that it can be generated by 
two operators of orders 4 and 6 respectively, which satisfy the conditions 
imposed on s; and s2. That is, when s, is of order 2, G is the tetrahedral 
group, and when s; is of order 4, G is the non-twelve group of order 24. We 
shall soon be able to prove that the order of G must divide 72 and that the 
two non-commutative operators s;, s. must generate one of four group= 
when théy satisfy the given conditions. 

To establish this fact, it is convenient to make use of a theorem which 
has very wide applications and may be stated as follows: Jf 81, 82, «++5 %> 
is a complete set of conjugates, in order, under an operator t and if the continue d 
product of this set of conjugates, in order, is the identity then will (s,0)° = 0, 
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where a is any one of the numbers 1, 2,---,p. Since ¢~'s,t = s.4,(a = 1, 
2 .-+, p — 1) it results that s,t = ts,4:. Hence (s,t)? = s,8,-1 «+ +841, 
where a — 1, a — 2, --- are to be replaced by their least positive residues 
modulo p except that 0 is replaced by p. From the fact that sis. --- s, = 1 
it results that s,s,-1--+ S41 = 1 and hence the theorem is proved. It 
is clear that the given theorem remains true when the set 81,82, ---, 8, repre- 
sents more than one complete set of conjugates, in order, under ¢, since 
the given proof does not depend upon the fact that the operators s),s2, ---, s, 
ure distinct. Other generalizations of the given theorem at once suggest 
themselves but for our present purpose it is convenient to leave it in the 
=pecial form in which it has been stated. 

It has been observed above that s; may be regarded as the direct product 
of s.°* and an operater s,’ which is either of order 2 or of order 4, and that 
s, transforms s,’ into three conjugates s,’, so’, s;’ whose continued product 
is the identity when s,’ is of order 2, since these three operators of order 
2 and the identity constitute the four group. This continued product must 
also be the identity when s,’ is of order 4 since (s;’s.)* is of even order in 
this case. Hence we have that s;’ ss’ s;’ = 1 in all cases, and if we combine 
this with the theorem of the preceding paragraph it results that the con- 
ditions given at the beginning of this section may be replaced by 

2. 6a 


81°82 = 8° = (81'82)*8o 


Se .. sg. 27 3. 


Hence s.“* = 1, and as a and the order of ss have only 2 or 1 as their highest 
common factor it results that so = 1. 

To prove that the order of s. may be 18 it may be convenient to begin 
with the case when s;. ss are commutative and hence the given conditions 
reduce to 


rom these conditions it results directly that s,° = 1, and hence s2" = 1. 
Moreover, if ss is an operator of order 9 and s; = s»°, it is evident that 
‘|, Sy satisfy the given conditions and generate the cyclic group of order 9. 
As it has been observed that s;, s. may be so chosen that their orders are 
4 and 6 respectively and that they generate the non-twelve group of order 
24, it results directly that we may associate with these two non-commu- 
tative operators two commutative ones ¢;, 2 (which are also commutative 
With s,, ss) of orders 3 and 9 respectively so that sif;, Sof2 are two operators 
of order 12 and 18 respectively which satisfy the given conditions. In the 
same way we see that the orders of s;, s. may be 6 and 9 respectively and 
hence there results the theorem: Jf two non-commutative operators 81, 82 
satisfy the two conditions s,2 = s2° = (s,82)° they must generate one of the 
Jollowing four groups: the tetrahedral group, the non-twelve group of order 24, 
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or the groups obtained by establishing a tris-isomorphism* between each of 
these groups and the cyclic group of order 9. When 81, 82 are commutative and 
satisfy these conditions they generate either the cyclic group of order 9 or the 


group of order 3. 
Closely related to the generalization considered above is the following: 


$,° = 8»” = {SySe)-. 


That this does not lead to the same category as the set considered above is 
evident from the fact that if s;, s. are commutative and satisfy these 
conditions they generate the group of order 3, while in the preceding case 
they could also generate the group of order 9. We shall again begin with 
the case when these generating operators are non-commutative, and hence 
G is a group whose central quotient group is the tetrahedral group. Just 
as in the preceding case we observe that, when s,s. is of order 2 or 4, G is the 
tetrahedral group or the non-twelve group of order 24, and that G cannot 
involve a subgroup of index 2. We proceed to prove that G must be one 
of these two groups when s;, sy are non-commutative and satisfy these 
conditions. 

The subgroup of G which corresponds to the four-group in the central 
quotient group is the direct product of a group of odd order and either the 
four-group or the quaternion group, for the same reasons as were given 
under the preceding conditions. Hence we may assume that 8,82 = 8's)", 
where s’ is either of order 2 or 4 and is commutative with s;°*. Moreover, 
a has at most the factor 2 in common with the order of s; since s;3* must 
generate the group of odd order in the central of G. Hence the following 
equations: 

3 l2a 


Ss8-)* = 8°°8:° $;°; 8 


On the other hand, we have the equations 


_ -_ , 2 —_— 
8; ‘+8182 = 3, -'s’-3,*; 8. s,;° = 3, *s,™. 


in accord with the general theorem given above. From these equations 
it results directly that 


As the order of s; cannot be divisible by 4 it results that the order of s; 
divided 6, and hence the order of s2 is also a divisor of this number. This 


* A tris-isomorphism is one in which the invariant subgroups of index 3 are made to corre- 
spond, hence the order of the resulting group is one-third of the product of the orders of the iso- 
morphic groups. When the invariant subgroups of index 2 are made to correspond the isomor- 
phism may be called a dim-isomorphism. Cf. Cayley, Quarterly Journal of Mathematies, vol. 29 

1890), p. 85. 
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proves that the order of s,s» is either 2 and 4 and completes the proof of the 
theorem: Jf two non-commutative operators satisfy the conditions s° = 
so = (882)* they generate either the tetrahedral group or the non-twelve group 
of order 24. If two commutative operators satsify these conditions they generate 
the group of order 3 unless each of these operators is the identity. 

In speaking of the finite group generated by operators subject to certain 
cond tions it is customary to think of the largest possible group which these 
operators can generate under these conditions. If this were done in the 
present section the two theorems on the generalization of the tetrahedral 
group could be expressed as follows: If two operators satisfy the conditions 
s;° = so° = (8,82)? they generate the non-twelve group of order 24, and if 
they satisfy the conditions s,;° = s.* = (s,s2)° they generate the group of 
order 72 formed by establishing a tris-isomorphism between this group of 
order 24 and the cyclic group of order 9. The theorems as stated above 
are, however, more definite as they include the cases when s;, s. do not 
generate the largest possible group subject to the given conditions. 
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§ 3. Generalizations of the octahedral group. 
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If the two non-commutative operators s;, s. satisfy the two conditions 


8," = 8,4 = (8:8-)*, 





Ee EAL ASF 
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‘ 


the two operators 8» , 8;~'89°s; have a common square, and hence the product 
of one of these into the inverse of the other is transformed into its inverse 
by each of these operators. We may therefore endeavor to find an upper 
limit of the order of the group G generated by s;, s2 by finding a power of 


ory 





Waa tae 











this product such that this power is invariant under G. From the fact t 
that this power is both transformed into its inverse and is also invariant i 
under the same operator, it results directly that its order cannot exceed 2. ¢ | 
The actual work may be performed as follows. bi 
l'rom the given relations it results directly that i 





° 


SoS 80 = S1°. 






81808] = So" and 






Hence it is not difficult to derive the following relations: 










ae ee 26 —1e,—3e 2e,¢,—le,—2e 
= $0°S1—7! + 807281897817 '827 78, = 8978118238 17898182781 








2— 26 — —le— 20 —20,—20 9, —2e 
= $98, ~7So !88981 So "8S, = 82°81) “So “S182 “$1 






26 26 —3e 2e,—i 99 29 0.0.20 
$o"8) *So 381785 38) = §j "$o"S 1898 1-So81 









$1 "8958 18981 = s;*. 






This proves that the order of s; is a divisor of 6 whenever the given con- 
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ditions are satisfied, and hence the order of G cannot exceed 48. More- 
over, it is easy to see that the non-twelve group of order 24 can be extended 
by means of an operator of order 4 so as to obtain a group of order 48 
which may be generated by two operators satisfying the given condition. 
Hence the theorem: Jf two non-commutative operators fulfil the condition 
31° = sot = (8,82)? they generate either the octahedral group or a group of 
order 48 known as G;..* If two commutative operators satisfy these conditions 
they evidently generate the group of order 2. 
If two non-commutative operators satisfy the two conditions 


9 


$12 = So! = (8182)°; OF 8, = S_81828182, 82> = $1$281828), 


the two operators, 82°, s;7's*s; have again a common square and hence we 
shall consider the reduced form of (s.2s,~'s.~?s,)? as follows 


I$47! $1828 189°81~ '8e 78 


1 “18577818081 Is, “8 a So"S] 


” am» an” » 
(So°S; “So “S1)" = 2 


So 181828 1"So8 184 Is) a $o"S8 Se 1§ ,80°8\8o '8, 


= §$5°S)"So8180°S 182 18; = 8,7(82°8;)°8o 4 = 8,". 


Hence it results that the order of s; is a divisor of 20 and that the order of G 
divides 240. If s; is actually of order 20 the order of s» must be 40, and 
s,'5, s)° satisfy the given relations. These operators must therefore generate 
Gs2, and G must be the direct product of this Gsz and the group of order 5. 
On the other hand, if the order of s; is 10 the given conditions are again 
satisfied and G must be the direct product of the octahedral group and the 
group of order 5. If s;, s. are commutative and satisfy the given conditions 
they clearly generate either the group of order 5 or the eyelic group of 
order 10. Hence the theorem: Jf tivo non-commutative operators satisfy 
the conditions $s; = g,' = ($8)? they generale one of the following four 
groups; the octahedral group, Gs, or the direct product of one of these groups and 
the group of order 5. When two commutative operators satisfy these conditions, 
they generate the group of order 2 or of order 5, or the cyclic group of order 10. 

The third and last generalization of the octahedral group to be consid- 
ered in this connection is given by the equations 


S12 = 8o* = (8)80)*. 
From these equations we easily deduce an equivalent system as follows: 


$1 = 8281828180882, $2” = 8182818981828}. 


We shall proceed again in the same manner as in the two preceding 
cases observing that s,s28;s, and s2s,s.s; have a common square since 


» oe \4 »o.\4 te 3 . : ' ° . 
($182)' = (s98,)* is invariant under G. Hence the following equations 


ie 


* Quarterly Journal of Mathematics, vol. 30 (1898-9), p. 258. 
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if 

(18088981 18271811827)? = 81 ~°(81828 1828182" + $189")? = 8,—!9(s9-!8,—!804880?)? 
= 81 "(898182818218 1828182") = $,~'®so—!($182) 482 = 8,74. ; 

Hence the order of s; divides 28 and the order of G divides 336. 
When si, 8: are commutative it is very easy to see that they generate 3 
one of the groups of orders 2 and 7, or the cyclic group of order 14. It is E 
therefore evident that G may be the direct product of Gs. and the group of 5 
order 7. Moreover, when s; is of order 28 the two operators s;”!, so” clearly f 
satisfy the conditions imposed on s;, s2 and hence (s,”!, 8.7) = Gi. The i 
same operators clearly generate the octahedral group when the order of i 
s; is 14. From these results we readily derive the following theorem: Jf é 
two non-commutative operators satisfy the conditions s;°> = so’ = (s\82)4 they i 
generate one of the following four groups: the octahedral group, th: group of 4 
order 48 known as Gyo, or the direct product of these groups and the group of : 
order 7. If two commutative operators satisfy these conditions they generate f 
one of the following three groups: the groups of orders 2 and 7, or the cyclic group b, 
$ 


of order 14. 
It is known that the icosahedral group is generated by s,, s. whenever 
these two operators satisfy one of the following three sets of three conditions: 






9 


81° = 82° = (882)? = 1, 8)? = So = (882)? = 1, 8)? = 8° = (8,82)° = 1. 






In the present section we shall consider the possible groups generated by 
si, 8: When they satisfy one of the following three sets of two conditions: 





$;° = 85 = (8,82)*, 837 = 8° = (8:82)*, 8;° = 82° = (882)5. 


, 






While the number of conditions imposed on s;, s2 is thus reduced in each case 
it will appear that the considerations are not made much more complex 
thereby. The methods used in the present section are similar to those used 
in the preceding section and hence they require no further explanations. 
We shall consider the three cases in the given order. 

When s,° = s.5 = (8,82)? it results immediately that 
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2 One oe 
8S," = SoS 1S8e and So” = 8)S8e81. 





Since ss. and s,s; have a common square we consider the powers of 
1 





S1S28] So i= $1 °8 18981°8.! == $1 °8189"8] as follows: 









(S)8o8)_ ‘og *}* = $1~ °8 18278 1°82"S] = $1 ®8 18o8o°S182"81 
($1898, '8o7 sa = 8) 98 180°S 18258178078] = $1 °8182°8 182 1s 80%8) 
-9 Sq 200.260.8380. = 0.7 90.80 10.8c°8s80'h 
= §) “Si8o"8)"Se81°So"8, = $1 “$182 8182 $1808] 






—9e 20.9! 20.0.2 —%e 2029.9 209 
$1 98 1°88 1°So*S 178281" = 8) "$ "So $ 18958180 $\ 






_ a Ta or 
8) 6s 1 "$0°8 178o"S 1” 
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Sine ee ee ee ee 
($1828) ‘S82 1) = gy! 3) "So78 p8e°8 PS 182"8182"81, = $1". 


As s; is both transformed into its inverse by s,s. and is also invariant under 
G it results that the order of G divides 120. It is known that there is a 
group of order 120, known as Gi, which is generated by two operators of 
orders 6 and 10 respectively which satisfy the given conditions,* and hence 
we have the theorem: /f tivo operators satisfy the two conditions 8,3 = s.5 = 
(8182)? they generate either the icosahedral group or a group of order 120 known 
as Gyo. This group of order 120 is the smallest compound perfect group.7 

When s,2 = s.° = (s,8:)°, the two operators s;, 827's;s. have a common 
square and hence we shall consider the various powers of s,s.7's;7's». 
These powers may be reduced by means of the equations 


S, = SoSySoSy80, So! = SSeS 1So8] 


which can readily be derived from the given conditions. Hence 


($,:8o—'8,—'8o)? = 8,—~4(818o 8182)" = (828182")" = $28180°8 182" 


($52 8,18.) 8178182 '8 1827818258 ;8o2 = $o818$9°8 180° 182" 


$0" 1898 1829S }8o8 1828 18$o8 18° = $o7S18o"8,8o° +85 


= $o"S1So8) SoS So8So' SP = $o"8 18078 8o'+8,'" 


($,82—'$,—'8o)5 = $98 18981807808 1$0°8\8o's,'* = 8,7 


As s;* is tranformed into its inverse by s; it results that the order of s, 
divides 44 and that the order of G divides 1,320. It is easy to see that if 
two commutative operators satisfy the given conditions they must have 11 
for their common order. Hence the following theorem: Jf two non-com- 
mutative operators satisfy the two conditions s,° = 8.5 = (s\82)* they generate 
one of the following four groups: the icosahedral group, Gy or the direct product 
of one of these groups and the group of order 11. If two commutative operators 
satisfy these conditions they generate the group of order 11. 

It remains to consider the ease when s,? = s? = (s;82)5, and hence 
$1 = 82818251898 1828182, $2" = $\So81S98)S28)$28,;. We shall consider again the 
powers of s,s.~'s,~!s., and reduce the expressions for these powers by means 
of the equations which have just been given. Hence the following equations 


‘o.e.—le.—le.\2 — o«.—4oec i oe NO 9\9 ” ) 
($1827 S81 'S2)” = $1~'(81827!8 182)? = (8281828828187)? = 814828 18281897S8 1828182 


Pe ee oe m ‘ 9 
($18.18) 3) = SoS 1828 828 82°81 'So8 1828184 $ 1898182" = $3898 1898 18o°S818o°8 1828182" 


$3808 1808 182" ‘ S08 1808 188 8o8 So° $2°8 1898182" 
» 16s « «2 2 9 9 
81 SoS 1$0°8 1808 )8o°8 180° 
» @ ~le.~le. \5 . — es > a 9 9 9 9 
($485 S$, “So) $1808 189 S$ 1Sa8 18$0°S 18e°So8 18 oS 180°8 8981897 = $,*8. 


* Transactions of the American Mathematical Society, vol. 8 (1907), p. 10. 


* American Journal of Mathematics, vol. 20 (1898), p. 277. 
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As s;38 is transformed into its inverse by s, the order of s, is a divisor of 76 
and the order of G is a divisor of 2,280. If s:, s2 are commutative and satisfy 
the given conditions they must both be of order 19. Hence it is easy to 
deduce the following theorem: Jf two non-commutative operators satisfy the 
two conditions 8, = 82° = (s8,82)5 they generate one of the following four groups: 
the icosahedral group, Gi29 or the direct product of one of these groups and the 
group of order 19. If two commutative operators satisfy these conditions they 
enerate the group of order 19. 
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A TYPE OF HOMOGENEOUS LINEAR DIFFERENTIAL EQUATION. 


By L. A. HowLanp. 


1. The object of this paper is to discuss the homogeneous linear differ- 
ential equation 


l 
(1) Ay =y" + Day" =0 


(the a’s being analytic functions of x ina region R and not all constant*) 
which has a fundamental system of integrals of the form 
(2) ee Le, eae | Nellie 


A necessary condition for this is that there be no relation of the form 
n—1 
hy 
Loy” = 0, 


where the c’s are constants, not all zero; that is, y; may not be an integral 
of an equation of order less than n with constant coefficients. 
A further necessary condition is obtained as follows: the equation 


i—t n—1 
A'y) = yt? + Day + Da’y* = 0 
k=0 k=0 
has the integrals (2) and, since y;’,---y,""' are integrals of (1), the equation 


n—l 
(3) By) = Da'y* = 0 
k= 


has the integrals y;, yi’, --- yi"?. Similarly 
n—1 
Bi'(y) = Dea’y**) + Day” = 0 
has the same integrals as (3) and hence 
n—1 
Bx(y) = Da’'y* = 0 


has the integrals y1, yi’, --- yy"~°. 


Continuing in this way we have finally 


* 2 — _ ss ° ° . . . 
They may be also singled-valued functions of a real variable in an interval J, possessing 
differential coefficients of all orders up to n — 1 inclusive at each point of J. 
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B,-ily) = La"""y” = 0, 


which has the integral y,. 
Setting A(y) = Bo(y) we have the system of n equations 


(4) By(y) = 0 (h=0,1,2---n—1), 


which have the common integral y;. 
The converse theorem is also true: Jf the system (4) has a common 
integral y,, then y1, yx’, «++ yi" are integrals of Bo(y) = 0; for the following 


is an identity 
(5) By (y) = Bly’) + Besily). 
By hypothesis we have 
(6) Bly) = 0 
and from (5) and (6) follows immediately 
Bi(yy') = 


Bilyy’) 


Bolyy"” ” 0. 


We have thus the theorem: The necessary and sufficient condition that 
the equation (1) have a fundamental system of the form (2) is that there exist 
an integral of the system (4) which is not an integral of an equation of order 


less than n with constant coefficients. 
II. We have shown that y; is an integral of the system of equations 


n—-l1 
y+ Day” = 0, 


n—l 
Da'y* - 
0 


0. 


0 


Assume that among the n + 1 functions ao, a1, +++ Gn—1, @. = 1, there will 


he a set of n which are linearly independent, i. ¢., in the matrix 


1 G4 +" Bs ado 
, 


. << 


inion atin nt 
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there will be one n-rowed determinant, the Wronskian of this set, which 
does not vanish identically. That this is always the case is shown below. 
We may then solve the equations (7) in the form 


Sy” = Wo: — Wises (— 1a: (— I W,,* 


W, being the Wronskian of do «++» G1, Gis +++ Gn. 

Now one of the W's is not identically zero, moreover it must be one of 
the set Wy --- W,-:, for because of the constitution of the first column in 
M, these W’s are the first minors of W, which must vanish with them.t 

Suppose Wy; is the non-vanishing W and suppose further that W does 
vanish identically (j being one of the numbers 0, 1, ---,2 — 1). We then 
have y’ :y? = W,:W; or y’ = 0. But we have shown that y may not 
satisfy an equation of order less than n with constant coefficients. There- 
fore 1; may not vanish identically. 

We have then at once from (S) 

Wy 
_ Wy = = a, 


| adr 
= * ’ 


and the equation is solved, the other integrals being obtained by differ- 
entiation. 

III. Suppose every set of & + 1 of the functions do, ---, a, is linearly 
dependent but that at least one set of / functions is independent. The 
matrix WV is then of rank k. 

Consider the first k equations of (7) 


y" + any" + +++ + ay = 0, 


+ ay = 0, 


a, | --> + ag*'y = 0. 


If the & — 1 functions a, = 1, a.) «++ d,-z.0 are linearly dependent, we 
will add to them such other a’s as will form with them a set of k — 1 
independent functions. This set will form a fundamental system of 
integrals of a homogeneous linear equation of order k : 


(11) K2*-" 4+... + Bz’ + Az = 0. 


* Bocher, Introduction to Higher Algebra, § 17, Theorem 4. 


+ This means that a = 1 must be included in the set, or in one of the sets, of n independent 
functions. 
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There will be an a, call it @, which is not a solution of (11); otherwise there 
could be no linearly independent set of k a’s. On the other hand every set 
of k + 1 a’s is linearly dependent and hence every a may be expressed 
linearly in terms of @ and of the k — 1 a’s which form the fundamental 
integrals of (11),7. e., every a has the form a, = c.@ + ax (c, being constant) 
where a, is a solution of (11). 

We substitute these forms for the coefficients in equations (10), multiply 
the equations in order by A, B, ---K, add, and, remembering that the a’s 
are solutions of (11), we obtain: 


(Ka*' + --- + Ba’ + Aa\(eq,yy" +--+ + ay’ + coy) = 0, 


whence 
Cry") + +s + ey’ + cy = 0. 

Not all these c’s are zero, otherwise every a would be an integral of 
(11). » then is an integral of an equation of order less than n with constant 
coefficients. We showed, however, in § 1 that this was impossible, and hence 
our assumption that M is of rank k<n leads to a contradiction. 

IV. We have shown that the equation (1) cannot have integrals of 
the form (2) unless there is a set of » a’s which are linearly independent. 
We have shown that in case this is true the integral is 


— J b. dr 


yi =e 


We may now obtain conditions which with the above will form a set of 
conditions necessary and sufficient that the equations — B,(y) = 0 have 
a common integral y, in case y, y’, ---,y ("7 arelinearly independent. 


“wy 
We need merely to express the fact that y; =e ~ w” satisfies these equa- 
tions. The conditions will consist of the vanishing of n — 1 differential 
expressions in the a’s.* 
For an equation of second order 


y+ ay’ + ay = 0 
we have the integral 


arnt 


ay 
- q,7eF 
Uh a e 1 
and the single condition + 
* It is obvious that for the equation for which a; = cx", ct being constant, these must be the 


conditions that the equation 
Dd fexm(m —1)---(m—k+)) +0 =90, (cn = 1). 
1 


has n roots forming an arithmetical progression with common difference 1. 
. os : . >of. Craig. Americ: ath- 
+ For the same condition obtained somewhat differently cf. Craig, American Journal of M ath 


ematics, No. 8. 
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(13) (ao’)” — ao’'ay’ + aay” — ao'a,a;’ + ao(a;’)? = 0 
For an equation of third order 


yl” + agy”’ + ayy’ + ay = 0 
we have the integral 


Naot tat? 


Pao’ de! —Ay'de x 
-J ” , , ” dx z adr 
ay ag’ —@y'ag = -¢ 7 


Reith 
and the two conditions 
Baa’ — a® — a’ + ax(a®? — a’) — dia + & = 0, 
and 
as'(a? — a’) — ayat+adao = 0, 
and so on. 

The general linear homogeneous equation of second order can always 
be transformed into an equation of the sort just treated. Let the equation 
be 

y+ py’ + poy = 0. 


This goes over by the transformation 


=f 2 
~ J 92) 


into 
d*y 


,, dy . 
dz t (Pie — #) G+ Poe’y = 0. 


Substituting a; = pig — ¢’, do = ug’ in the equation (13), we obtain a 
non-linear equation of third order for ¢ 
If ¢; is an integral of the equation 


De . 
(14) ¢ =m+pet ee 


in other words, if ao = — (m* + aym), m being a constant, the trans- 
formed equation 


d*y dy : 
dz? + a, > (m? + aym)y = 0 


will have an integral satisfying an equation of first order with constant 
coefficients, viz.: e™*. Conversely, if the transformed equation has an 
integral of this sort, we must have ap) = — (m? + a,m) or ¢ must be an 
integral of (13). 

If, however, ¢ is any integral of (13) independent of ¢,, the trans- 
formed equation will not have an integral e* but will be of the desired form. 

The general equation of nth order cannot be transformed in this way, 
for ¢ must in this case be a common integral of n — 1 differential equations 
whose coefficients are differential expressions in the coefficients of the 
given equation. 
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Illustrative problem. 
4x%y”’ + 425(2x? + 1)y’ + (1 — 22*)y = 0. 





Let z = f “ and the equation becomes 
Py  f2t+1 dy | 1-20" 
A solution for ¢ is seen to be y = 22° and as this is not an integral of 


_ 2x*+1 1-22 , 
leila a liad 4mzs *? 


the transformed equation 


d*y a 
dz? 


is of the type considered. A fundamental system of integrals is 


d 
42 4 + (422—2)y =0 


_ a0 as 22dz 
yi =e Si == i =e" and y;' = 2ze”. 


The integrals of the given equation are therefore 





as ws 
eo” ena -¢. 
x 

The adjoint equation is, of course, also soluble. It is 
4x82"’ — 423 (227? + 1)2’ + (1 + 102? + 82*)z = 0 


with integrals: 





U me 
2, = ze ™“ and 2.= —z’e ™. 


The adjoint of the transformed equation is: 


ay 4% 249)¢= 
det *#q,+ (42? + 2) ¢= 0, 
with integrals: 
1 
t: = 2ze-" and fg = ; e~". 


WESLEYAN UNIVERSITY, 
Mipp.Letown, Conn. 
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ON THE COMPLETE LOGARITHMIC SOLUTION OF THE 
CUBIC EQUATION. 


By R. E. GLeason. 


In this article we shall consider our equation to be in one of the two forms 
(a) 2 =qrt+r (6) 2+ qr=r 


in which we may consider both r and q positive without loss of generality 
since changing the sign of r changes the signs of the roots. 

The cubic and quadratic equations arising in practical work are, since 
their coefficients usually contain decimals, very different from the ideal 
ones of the classroom. The direct transformation of a complete cubic, 
all of whose constants are decimal fractions of say four places, by Horner’s 
method into one of the above trinomial cubics is laborious. It is, however, 
possible easily to effect this transformation logarithmically by the use of 
tables of logarithms of sums and differences. Consider the general cubic 


av + b2? ++cez2+d=0. 


b ; Jac 27a°d 
3q -1), Q= b? ’ ain ee 


Setting 


we have 
= (Q-—2)-1|, r= |(Q—2) —R,, 
and therefore 


log q = log |(Q — 2) — 1], logr = log |(Q—2 — Ri, 


considering q to be in (a) or (b) according as Q — 3 is negative or positive, 
and the roots to be 21, +2, +z; according as Q — R — 2 is positive or 
negative. Using a sum or difference table, according to the positive or 
negative qualities of the quantities involved, we first find log |Q — 2| and 
then log |(Q —2)-—1) and log |(Q — 2) — R|. It is quicker to find 
log |(Q—2) —1| from the sum or difference table after having found log |Q—2/ 
than it is to find log |Q — 3!, hence the above arrangement appears to be 
the best. This solution may be justly called purely logarithmic, since 
only the logarithms of the constants are required throughout the com- 
putation, and no other than the ordinary tables are employed. 
Corres onding to (a), we have the identities 


cos’ y = ¢ cos ¢ + 3 cos 3¢ 
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COMPLETE LOGARITHMIC SOLUTION OF THE CUBIC EQUATION. 


cosh’? g = # cosh ¢ + } cosh 3¢ 


the former to be used when all the roots are real, the latter when there is 


but one real root. 
Corresponding to (b), which has but one real root, we have 


sinh*® » + # sinh g = }sinh3 ¢. 


A single formula suffices for the determination of the imaginary roots 
of both (a) and (6). Let the imaginary root of either (a) or (b) be 
—t +7V—1=y(cos9  V—I1siné). If 2; is the real root, we then 


have § = 4a, and r = 24y*, or » = Wu/z) Therefore 


oe = sj f) |r 
cos ¢ = 4r’ 7 = sin Va’ 


This is a much simpler trigonometric solution for the complex roots 
than that given by Chauvenet,* which is not only involved but also re- 
quires separate formule for (a) and (b). The latter solution is given for 
comparison. 

For (a) put : 

sin @ = x, tan $y = Vtan 48, 
then 
n = $2, V3-COS ¢. 
For (b) put 


4q° : 
tan @ = 2%, tan 4¢ = Vtan 386, 
then 
n = $2, V3-see ¢. 


The former trigonometric solution can be generalized into a logarithmic 
method of computing the two rema ning roots (either conjugate complex 
or real numbers) when n — 2 roots of an equation of the nth degree are 
known, circular functions being used when the remaining pair are imaginary 
and hyperbolic functions when they are real. Thus for computing the 
complex roots — — = nv — 1 of 


a+ pian + ++» +p, =0 


when n — 2 of its roots are known, we have 





E= Hpitait ++: + t-2); = 2 
one ~|'l, n= usin @. 
|B | 








* Plane and Spherical Trigonometry, pp. 97, 98. 
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If the remaining pair are real and are represented by —+n, where and yu 
have their previous values we have 


cosh 6 = : , n= uwsinh 6. 
be 


This is particulariy useful as a logarithmic solution of the quadratic 
equation, where more often than not in practical work the coefficients 
contain decimal fractions, and the algebraic formule are consequently 


rendered cumbersome for computation. 
Substituting the numerical values of the logarithms of the constants, 


the above can be arranged in the following table. 
Table for the Complete Logarithmic Solution of the Cubic Equation. 
(a) =qrt+r, (6) e+qr=r. 
q and r are both positive. Changing the sign of r changes the signs of 


the roots. Dance the comple rcv by -E£9v=T. 
>~/ I. Case (a). 4g°€27r?. Three real roots 21, 22, 23, 


log cos 3 » = 0.41465 + log r — 3 log q, (1) 
log x; = 0.06247 + 3 log q + log cos 48, 

log (— 22) = 0.06247 + 3 log q + log cos 4(x — 8), 

log (— x3) = 0.06247 + 3 log g + log cos 4(x + 8), 


where @ is the smallest positive value of 3¢ satisfying (1). 
II. Case (a). 4q°<27 7°. One real root 2. . 
Replace cos by cosh in (1) and (2). a | W=4 fey 9 + po rink 5 ? 
III. Case (b). One real root x. . 
Replace cos by sinh in (1) and (2). at + hog cork +P 
IV. To calculate the imaginary roots in atl + 4 
Let them be — & = 7 V— 1 = uw (cos 6 + V— 1 sin 6); then 


§ = $21, 
log cos 6 = 3 log x; + 9.69897 — k } logn— 10, 
log n = 4 (log r — log x,) + log sin 8. 


Pato ALTO, CALIFORNIA. 
Wauttin ab Pasadena, Trav 1410 _ 


* Bomag ending te cord (ir tO) aoe have toa 4 (VET & PY ox ah 5 OeVT EN) 
hide ashen sponded yr abo valuso A, 1° 











THE CIRCULAR NUMBERS FOR A PLANE CURVE. 


By Horace T. BurcGess.* 


Introduction.—The well-known numbers of Pliicker for a plane curve 
are arithmetical invariants of the curve under the transformations of the 
projective group in the plane. The object of this paper is to derive a set 
of numbers for a plane curve such that each is an arithmetical invariant of 
the curve under the transformations { of the circular group in the plane; 
to establish the equations connecting these numbers; and to illustrate by 
some simple examples. 

1. Derivation.—Let y be a plane curve; project y stereographically 
upon a sphere = and denote the projection by T. Any projective trans- 
formation of space leaving ~ invariant is equivalent to a transformation of 
the circular group in the plane of y.{ Any numbers which are arithmetical 
invariants of T under the projective group G;, which leaves = invariant, 
must be invariants of y under the circular G, in the plane of y. We shall 
choose as our invariants of I under the projective G, Cayley’s numbers§ 
m, Tr, n, a, B, x, y, g, h, together with the five numbers d, 7, 7, p, f, defined as 
follows: We shall take d to be the number of actual double points upon I; if 
we refer to the two systems of generators upon = as the i-system and the j- 
system, then 7 and j are the number of points of T in common with each gen- 
erator of the 7-system and j-system respectively; and p and f, we define by 
the invariant equations 2p = i(i — 1) + j(j — 1) and f = (r — 2z)(r — 2)). 
We have also m = 7 + j.|| 

Let O be the center of projection on >. If y meets the line at infinity, 
IJ, only in the circular points J and J, T does not pass through O. Ex- 
cluding the circular points J and J: If y intersects JJ in ¢ distinct points, 
I has ¢ distinct branches through O; if y touches J.J, T has a cusp at O; 
if y has contact of higher order with JJ, has a singularity of higher order 
at O. A singularity arising at O on I in this manner is equivalent to a 
certain number of nodes and cusps,** and these in general may be included 


* Presented to the American Mathematical Society (Minneapolis, 1910). 

+ Newson, Bulletin of the American Mathematical Society, Dec., 1897. 

t Klein, Einleitung in die héhere Geometrie, I, pp. 378-380. 

§ Salmon, Solid Geometry, 4th ed., pp. 291-5. 

Clebsch-Lindemann, Vorlesungen iiber Geometrie, Band II, p. 418. 

** Charlotte Scott, American Journal of Mathematics, Vol. 14, pp. 301-325. The singularity 
arising on T at O due to a given order of contact of y with JJ is of the same type as that arising 
in quadric inversion in the plane with OJJ as the fundamental triangle. 
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in the numbers d and 8 for T such that Cayley’s equations * are satisfied, 
Those plane curves, which on projection give rise to singularities av O so 
complicated that Cayley’s equations are not satisfied in the above manner, 


must be excluded from our consideration. 
each one of Cayley’s numbers for I has a particular significance. 


Since [ lies entirely upon 3, 
This is 


so obvious geometrically that we shall state it briefly in the following parallel 


columns which are self-explanatory: 


Cayley’s Numbers for TY. 


m: The degree of I is the number of 
points of T in an arbitrary plane 
E. 

: The rank of I is the number of tan- 
gents of I cutting an arbitrary 
line L. 

n: The class of T is the number of os- 
culating planes of I through an 
arbitrary point P. 


: The number of stationary planes 
of I. 

: The number of cusps of I. 

: The number of nodes of I. 

: The number of points on two tan- 
gents of I which lie in an arbi- 
trary plane E. 


: The number of planes through two 
tangents of I which also pass 
through an arbitrary point P. 


g: The number of lines in two oscu- 
lating planes of I which lie in an 
arbitrary plane E. 


* Cf. Salmon, loc. cit., p. 295. 


Cayley’s Numbers for T upon >. 


The number of intersections of T 
with the circle cut out of > by 
E. 

The number of circles, cut out of S 
by the pencil of planes through 
L, which touch Pr. 

The number of osculating circles of 
I cut out of > by the bundle of 
planes through P. 

When P is upon &, the circles all 
pass through P. 

The number of stationary circles 
of Yr. 

The number of cusps of I. 

The number of nodes of I. 

The number of doubly orthogonal 
circles of T cut out of = by the 
bundle of planes through the 
pole of E with respect to 2. 

When E is tangent to = at the 
point P, the circles all pass 
through P. 

The number of bitangent circles of 
T cut out of = by the bundle of 
planes through P. 

When P is upon &, the circles all 
pass through P. 

The number of pairs of osculating 
circles of IT. which intersect on 
the circle cut out of = by E. 
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: The number of lines through two The number of pairs of tangent 


points of and an arbitrary point circles of T cut out of = by the 
P. This includes both the actual planes through P such that each 
and apparent double points of I. circle passes through the point 


of contact of the other 


p: It will be shown later that p is the number of apparent double points 
of upon &. 

f: If ris the rank of IT’, then any line L, which intersects I in « distinct 
points, is met by r — 2« tangents of I excluding the «x tangents at the « 
points common to f and L. Further if LZ is a generator of = belonging to 
the i-system, it meets [ in 7 points, and L is met by r — 27 tangents of [ 
which are generators of the j-system; for all of the tangents of [! which meet 
a generator of = are generators of ©. Hence any generator of the i-system 
is met by r — 27 generators of the j-system which are tangent to I; and any 
generator of the j-system is met by r — 2) generators of the 7-system which 
are tangent to T. These r — 2i generators of the j-system and r — 2) 
generators of the i-system meet in f points. 

To get the geometrical significance of these invariants of y, we project 
I back stereographically into y together with the configurations we have 
just stated. We shall use the corresponding capital letters to denote 
these projected configurations in the plane. Singularities on [ which are 
not at the center of projection O project into the same singularities on +. 
If T has a singularity at O, on projection it breaks up into intersections and 
contacts of various orders with the line JJ; and it follows that B and D 
corresponding respectively to 8 and d are not the number of nodes and cusps 
on y. B we shall call the cuspidal equivalence of y; and in like manner, ex- 
cluding the nodes at J and J, D we shall call the nodal equivalence of y. 
The generators of Y project into the minimum lines of the plan; and if 
the i-system projects into the J-pencil, the j-system projects into the 
J-pencil. The projecting lines OJ and OJ are generators of =; OJ belongs 
to the j-system and OJ belongs to the i-system; the f points, in which the 
r — 27 generators tangent to I and meeting OJ, and the r — 2j generators 
tangent to I and meeting OJ intersect, project into the foci of y. 

The significance of the other projected configurations seems to be so 
obvious that we state without further consideration the following: 

TueoreM I. The plane curve y has the following invariant numbers and 
geometrical configurations under the transformations of the circular group Gs: 
M: The circular degree of y is the number of points of y in common with an 

arbitrary circle excluding the circular points I and J. 

R: The circular class of y is the number of circles of an arbitrary pencil 
touching y. 
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N: The circular inflexion of y is the number of osculating circles of y through 
an arbitrary point. 

: The number of stationary circles of y. 

: The cuspidal equivalence of y. 

: The nodal equivalence of y excluding the nodes at I and J. 

: The number of doubly orthogonal circles of y through an arbitrary point. 

: The number of bitangent circles of y through an arbitrary point. 

G: The number of pairs of osculating circles of y intersecting upon an arbitrary 
circle. 

: The number of pairs of tangent circles of y cutting an arbitrary circle 
orthogonally while each circle of a pair passes through the point of contact 
of the other. 

: The number of points of y in common with a minimum line through I, 
excluding I. 

J: The number of points of y in common with a minimum line through J, 

excluding J. 

F: The number of foci of y. 

2. Circular Curves.—Those plane curves which meet the line JJ only 
in the circular points, we call circular curves. If y is a circular curve, I does 
not pass through O and the cone which projects [ into y shows M = u, 
R=y17,N =i,B = «,Y = 7,H = 6, where y, », etc., are Pliicker’s numbers 
for y.* Further, in our definition of z, if we choose the arbitrary plane E 
tangent to = at O, all the doubly orthogonal circles pass through O and each 
projects into a binormal of y. Likewise in our definition of g, if we take 
the arbitrary plane FE through O, we have, on projecting, the number of 
pairs of osculating circles of y having a common radical axis. P is the 
number of nodes at J and J; for y has J branches through J and J branches 
through J. 

These considerations enable us to state the following theorem for 
circular curves in the plane: 

THeorEM II. Jf y is a circular curve, it has the following geometrical 
properties: 

M = u, the Pliicker degree. 

= pv, the Plicker class. 

= 1, the number of inflexions. 

= the number of stationary circles. 

= x, the number of cusps. 

= the number of nodes, excluding those at I and J. 
X = the number of binormals. 
Y = +, the number of bitangents. 


* Cf. Salmon, loc. cit., p. 295. 
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G = the number of pairs of osculating circles having a common radical 
axis. 
= 5, the number of nodes. 
the number of branches through J. { 
the number of branches through I. q 
= the number of nodes at I and J. ; 
F = the number of foci. a 
It is obvious that any plane curve may be transfornied into a circular 
curve by a transformation of the circular group G;; for we have only to 
transform I by a rotation of > such that the transformed curve on > does 
not pass through O and the equivalent transformation of the circular group 
transforms y into a circular curve. We have then from Theorem II the 
particular significance of these numbers for the circular curve into which 
any noncircular curve may be transformed by a transformation of the 
circular group Gs. 
3. Equations.—The circular numbers satisfy the following equations: 


M = 3N(N — 2) — 6G — 8A, 





H 
I 
J 
P 















(2) M = R(R — 1) —2Y —3N, | 
(3) R = N(N —1) — 2G — 3A, 
(4) R = M(M — 1) — 2H -3B, ; 
(5) N = R(R — 1) — 2X — 3M, i 
(6) N = 3M(M — 2) — 6H — 8B, 3 









(7) A = 3R(R — 2) — 6X — 8M, : 
(8) B = 3R(R — 2) — 6Y — 8N, k 
(9) P =I —1)+ JV — I). ( 
(10) F = (R — 21)(R — 2J), 4 
(11) M=I1+4J, . 
(12) H=D+P. | 






The first eight of these equations are taken directly from those of 
Cayley for T; hence, when any three of the circular numbers M, R, N, A, 
B, X, Y, G, H are known, the remaining six may be found. The last i 
equation follows directly from Theorem II, and shows p to be the number 
of apparent double points of T on =. The other three equations follow 
from those already stated for space. 

4. Equivalence. DrriniTion: Two plane curves are equivalent with 
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respect to the circular group provided they are transforms of one another by 
transformations of this group. 

TueoreM III. A necessary condition for the equivalence of two plane 
curves with respect to the circular group is that they have the same circular 
numbers. 

The truth of this theorem follows directly from the above definition and 
the invariance of the circular numbers. That this theorem is not sufficient 
will be shown by one of the following examples. 

5. Examples.—In general, to find the circular numbers for a plane curve 
y, we find B, D, I, and J from which we calculate the others by means of our 
equations. In this manner we find the characteristics of the familiar curves 
as given in the following table: 


Re MR 
Parabola 5 
Ellipse * 
ee 
Cassini’s oval 


D 
0 
1 

1 4 

16 0 : 

3 ‘ : 9 7 


~ 
in 


own 


—_— . 
Onn Or & 
oe 
onwnwnns w 


~1 bo 


1 


The parabola, cissoid, and cardioid are equivalent? and hence have the 
same circular numbers by Theorem III. The ellipse, hyperbola, lemniscate, 
limacgon, and strophoid are found, in the above-mentioned manner, to 
possess the same circular numbers; likewise the witch, folium, and three- 
leaved rose are found to have the same circular numbers. The ellipse and 
hyperbola are not equivalent for there exists no transformation of our Gs 
which will transform the one into the other; this example shows that 
Theorem III is not sufficient. The ellipse and the limagon with the conju- 
gate point are equivalent;t the hyperbola and the limagon with the node 
are equivalent.t The equilateral hyperbola, lemniscate, and strophoid 
are equivalent. § 

The curve y = 2° furnishes the simplest example of a case where the 
circular numbers do not satisfy our equations. This curve has a cusp on 
the line at infinity. 


UNIVERSITY OF WISCONSIN, 
Mapison, WISCONSIN. 





* Cf. Klein, Math. Annalen, Vol. 10, p. 208. 

+ Cf. Smith and Gale, Analytic Geometry, pp. 299, 302. 
t Cf. Smith and Gale, loc. cit., p. 302. 

§ Cf. Smith and Gale, loc. cit., pp. 300, 301. 








ON THE SUM OF A CERTAIN TRIPLE SERIES. 








By Ernest W. Brown. 





In obtaining the value of his infinite determinant,* Dr. G. W. Hill finds 
it necessary to obtain the sum of a series which is equivalent to 
fla) = TPT lT + U{i + kT +k Ut+k+ Ri fit+k+h+]}, 


where 






GS ene 






=. 1=0, +1, +2,---;k, kh’ =2,3,--:, 






{7} ~ 





a being a definite number not a positive or negative integer or zero. In 
his paper Hill develops the cases in which there are four factors with a 
simple or double summation and, with reference to f(a), remarks that it 
may be treated in an analogous manner and then gives its value. If we 
attempt to follow out Hill’s method of partial fractions directly, the alge- 
braic work becomes very heavy and, as some unsuccessful attempts by 
others appear to have been made in order to sum this particular series, it 
seems worth while to give in detail the method by which, after many trials, 
I have succeeded in showing that his expression for it is correct. 

In the following developments > refers always to the complete sum of 
the expression to which it is attached unless one of the three letters 7, k, ? 
k’ is inserted, in which case it refers to the particular summation only. % 

It is to be remarked first that the series {7}, ={j}{7’}, Dig} {77} {7} NG 
are convergent and therefore remain so when each term is multiplied by a 
finite factor. Hence f(a) is convergent. 





i 
Hie 

: 
; 



















In all cases, since 7 has all integral values between + © and — 2, 4 
we can replace i by i + any integer without altering the sum. Also, since b 
k, k’ have the same range, they may be interchanged. Finally, i 





Telit +k +1} = efi +h} — {1 + 2}, ete. 
Put —i—k-—1 fori. Then 
fle) = D+ Uithi+tetUi—-KMj{i-kh +1}. 







We have, by partial fractions, 








* On a part of the motion of the lunar perigee, etc., Cambridge, 1877 and Acta Math., vol. 8 
(1886), pp. 1-36. 
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| 1 1 _—o. ) 
ME REN =o 9G (saao Fa ati+k 





1 1 ( 1 4 
~ Qa Qa+1\a-i-k eae 


~ Da \Qa—-1 atl mm tone ~tTeR 
1 1 1 
tog ta (—; ) 


Ga Ga ~ La = t ~- Ee —1~ aoe 


1 1 ( 1 | 1 ) 
Da Za Hlhatitk+1 atittk) 


Every term is finite and therefore f(a), with these two factors so 
expressed, is convergent. The first line of the latter expression is 
2{i + k}/(4a? — 1). As no other part of f(a) contains k, we can sum the 
two terms in the last line from k = 2 to k = ©; the parts of these within the 
brackets give — 1/(a —i — 2) and — 1/(a+2%+ 2), respectively. Hence 

Stk +k+1} = joy Eel + A) — (Qi + 5) (8 + 2H] 

(1) , 


= j (22eli +k + 1} — (21 + 3) ta + 24). 
Similarly 
(2) Seti — RYE B41) = py Bet — WY) + Qi — ILE MI. 
We have further, 
— (2+ 3){c+ 2} {fc +1} = {¢ +1} — {2 + 2}, 
(25 — 1) {2} (4 — 1) = {4} — {¢ — 1}. 
Using these results in the product of (1) multiplied by {i + 1} and (2) 
multiplied by {7}, we obtain 
fla) = qaqa Bi + RAL + EU) — FH] 
X [2p {i— BY + 4} — HE - I 
B. — jy: 4% + 4B — 4C + d, — 2d. + ds), 
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X= Tyjlttlir+k+1jir— k’}, 
B= 32} + Ui tk+1) 4+ @— KY], { 
C=42{i+ 1plc—lp{fit+k+1} + 42{t + 2 iyi-—K} i 






SE(ip (i + Qi +k + 2) + (i - KY], 4 
Llij{i+ 2}lo— kh} = Vlrj {i — 2} {t+ k}, 










by putting — 7 — 2 for 2 and k’ for k, in the former term, and 








di 
ds 


LTitj{c +1}, ds = Dlx — 1} {i+ 2} = Ti} {ce + 3), 
BE {i} (i + 2} + F2ft — 1} fi +1} = Dfi} {e+ 2}. i 















We have now to reduce X to a form in which there are three factors. y 
Proceeding as before by partial fractions and separating into three parts, : 
we have i 

a 





X= 3,2(o=i-aeei)(enatapa tet e) 
®  ebilabdela-dd-dalele- ddl 
2a” | 2a—1\a-1-1 a-1 2a+1l\ati+l ati 
{~tk+1}{t — k’}. 
The first line of this gives (2Y — 2C)/(4a* — 1) where 
Y= Dlijlitk+ 1 li-—KMY+C = Vij fit kfc — K}. 


















For the second line, we note that the double series 


pay PEEP UEFA yg, [epee ns _ eee 


mie = oimk’ 
' a-i-l — a- a-— 








are convergent; the second form is obtained by putting 7 — 1 for 7 and then 
Ye {ti —k’ —1} = {i — k’} — {i — 2}. Hence } 













rte ( papaya) TRE i 

(4 ; ; yy 
: wo Littk&) — (ft t+h+1),. ,, ~ t+k} {i —2} ‘ 
at, ——_ ey peeeens —k } ~ — * ; ¥ 

a “> ' 





If now we sum for values of k, the left hand member is convergent and the 
first term of the right hand member gives a series whose typical term is 
o(k) — o(k + 1), where ¢(k) is a rational fractional function of k of one 






132 ERNEST W. BROWN. 


degree less in the numerator than in the denominator. The series is there- 
fore convergent and has a sum ¢(2). Hence (4) is equal to 

py HAH RY yy HA oe ore ab 

— — >i: a = — 22i{t} {rt —2}{7+k}, 
by putting — 7 for 7, k’ for & in the first term. 

This gives the first half of the second line of (3); the second half is ob- 
tained from it by changing the sign of a. Adding the two portions together 
we obtain 


x 2 47 


=g22 10% — © - 2g it e+). 
But 
— 4i = (a? — 7”) — [a? — (t — 2)*] — 4. 
Hence, 
1 
X =p 2 — 2C + Shi — Qi t+ hy — Vlij{it kj — 4C) 


1 . i ee 
= 42-1 (22 — 6C + Dfifi+k+ 2} — Lf{i}{c+ k}) 


ey 260 ~~ a), 


ae —1 


Lyle +k—- 1 — t+ 1 )(ti-k +1) - fi- 1) 
Z—2A+d, 


Z= Tijfitk—ljfi-kh +1}, 
A= 22[t lit ir—k +1) + fiyfi— lit k-1)] 
lyyte— Ujllt—k} + fi +k —1}], 


3 

9 & 
ly 
y eed 


by putting 7 — 1 fori and k for k’ in the first term, and 
dy = Tit} ft — 1} {i + 1}. 


Reduction of A, B, C.—Suppose we desire to sum the expression denoted 
by A with respect tok. We note that the portion in square brackets con- 
tains all the functions {i + j} where j goes from — 0 to + 00, except those 
for j = — 1, 0, that is, all the functions {j} except {i — 1}, {i}. Hence 


2A = Zid, fi} {i — 1} fj} — Bhi} fe — 1}? — Vfayefe — 1). 


But 2; {7} elie cot ma/a. Therefore, putting 7+ 1 for i in the last term 
and changing the sign of i throughout, we obtain 
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ot 
A di — ds, 
where ' 
ds = D{i} {i + 1}. 
Similarly, putting k for k’, 
2B = Ditj{r + 1}{7} — 2leyfe + 1p fc — 1} — 2c} fi + 1), 


B = 7 ds “= d, = d;. 


Also, with the second form for C, after putting k’ for k, 


cot 
C= ! a — ds — d; — 3d, 


where 


dy = T{ij{i+2}{r—1}, d; = Thi} {i + 2}% 
Gathering together the results so far obtained, we find 


4 
fla) = gaz ys 2% — 44 — 6C — dz — dy + 24) 


1 
+ Gaza ap (4B — AC + dh — 2d: + dh) 


5 | 
©) : [22 ae eet " (2d,+3d>) —d2—d;+5d,+-4d;+ 6d; + 6d, | 


- (402 —1)3 
1 2x cot Ta 
tae 

All that remains now is to find the sums of the various series d, de, --- 
with respect to i, and that of Z with respect to 7, k, k’. 

Value of Z.—Let p, q, r, --- be any quantities and let S,p be their sum, 

S.pq the sum of their products taken two at a time, S;pgr the sum of 

their products taken three at a time. We have 


(Sip)? = Sip* + 3S2p’q + 6Sspgr 
S,p* + 3(Sip*)(Sip) — 3Sip* + 6Sspqr, 


Sspgr = $S.p* — 4(Sip*)(Sip) + 3Sip’*. 


In order to apply this to the computation of Z we note that 7 + k — 1 
represents, for integral values of k from 2 to ©, all integers greater than 2, 
and i — k’ + 1, for a similar range of k’, all integers less than 7. Since 
ijhas the range + 0 to — ©, Z is the sum of the products, taken three at a 
time, of the functions {7}. We therefore have 
10 


(dd) +d, 2d + dy 2d At A+ 4a]. 


therefore 
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RS eA PEA yaaa 




















ERNEST W. BROWN. 
Z = U(S{t})3 — (ZS fa}*)(Zlt}) + FT l(a}. 


:, i 7 Cot Ta 
y= = - 


“e—? a 
Differentiating this twice with respect to a, we obtain 


rT 1 rT cot ta 


Sf? = ; 
— 2a?’ 


r® cot Ta 3 a 3 7 cot Ta 


= {z}3 —- tor li, oF nee 
4a’ sin* za  Sa‘sin‘*ta 8S @& 


? 


whence 
reotrtra 7r(2cos*za—1) 17'* cot za 


8a° Sa‘ sin? ra 6 ai 
7 cot =| 1 7 cot 27a | | 


a Sati ass? se? 
Values of d,, dz, d;—We need {i} {i + k} where k is a given integer. 
We have 
4 4 
Se. $2: 62 ee a _ aes a tpeerieeees 
Zillt + 8} = ot Git Gab — (Fb 


o% 


~ 


1 
ak ~ villi nthe Ee 


tT cot Ta 7 cot 7a 27 cot ra 


_ ak(2Qa — k) = ak(Qa + k) - a(4o2 — ke)" 





Hence 


I ce 9 
(4a? — 1)3, {i} {i + k} =(1 +qa~ gp). 


a 
Values of d,, d;.—We have, if k + k’, by a similar proceedure, 


1 4 





rae 1 
(cif -1f dO ee ee , a ee 
ae ome) ee Als —#' Qa—-k+k)— (Qitk+h’? 


(6) 
] 4 


oe —? (atk —k’)? — (+k+ eel 
By partial fractions, the second term within the square brackets is equal to 
A B C D 


atita-itatit+hta-i-F’ 


where 
1 1 1 1 
ee ee m 
Qak 2a — hk’ B= oi in ak’ 
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C ales ] — —— 1 = D — 1 1 

~ k(2a +k) 2a- k—k? ~~ ~ k'Qa—k) 2a fk — kh" : 

If we add the corresponding term obtained by changing the sign of i we ‘ 
find convergent series. We can therefore write 7 











1 i 
z. = 2 
ei siek om, 

{ ay, 
where \ is an integer, and the second term of (6) is equal to (A+B 
+('+ D)xcot za. The first term of (6) within the square brackets is the 















same quantity with the sign of a and the sign changed. Adding, we find 4 
at onee, p 
_ — 1 1 1 1 3 
we {22 § tf . = ‘. — . — oa. . g 
witty yl + ky} {2 +k H Ess 4o? — ke? k(k — k’) 4a?—” t 
_ 1 oa 1 27 cot ma : 
kk’ 402 — (k — k’)? a = 
i 
Values of d;, d;,—We have, by partial fractions, :g 
corte oe A B C; D, C, t 
rite ky re ae - jos fet? cmi-k*Gtiew 
+> D; on ; 
(a —i—k)?*’ f 
where &, 
eal Pa. 

Dak?” (2a — k)?? aa doth 2a+k’ 















] l 


~ doth 2a — k’ 


] ] 


B= oak” (2a +k)?’ 


D, 





Ifi = — kh, we have 


os ectlg Te 







A B C(,+D,. C.+ D: 1 1 t 

,=t" gen” a + a ~ at a — kh" bi 

Thence it 
: ak ak ; 1 k 
al A + B + ( 1 +- D;) = a re k B —_ —— I: A = (€ 2 + D») + ala? = k?) a 
- 8a? + k° _ 1 1. \ 

~ — (4a? — k*)2(a? — k®) ~— -2a*(4a® — k*) © a2 (a? — k*) 4. 





_ 4 2 1 
-_ (4a? = k?)2 se k?(402 ya k?) 9a°*k?* 


A ae gS 






But, as before, 





1 1 7 
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“sisi” *e™ “(a +itnd)? sin? za’ 
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Hence 


ae 2. 4 Y . 1 7 COt Ta 
ipl il + h ; = E= _ }:*)* + h?(4a? == k?) 2a*h? 


a 


9 


e —— lll 
(4a? — k*)2c? sin* ma 
and ' F ' ; 
5) ere mry oU2 cm 4(h° batt 1 . 6 hess < a cot ma 
(4a? — 1)S ft} i +k} = | as — k*)? + k? (4a? — k*) as 


2a°*k? | a 


e—1 | 7 


" E . (4a? — k*) | 2a? sin* ra’ 


Final value of f(a).—All the quantities in (5) can now be obtained by 
inserting the special values of k to find d,, ---, d; Each term of the 
second line of (5) within the square brackets is to be multiplied by 4a? — 1 
so that (4a? — 1)~* appears as a factor of fia). We also put 





] 2 cot 7a , 1 + cos 27a 
— = ——S , cot’ Ta = —s cot ma, 
SIn- Ta SIN <7TaQ SIN <Ta 


so that cot 7a also appears as a factor of f(a). We obtain, finally, 


fi a)j= 
P 30° a 


a(4a?2 — 1)3 a 40-1 4a°-4 


64 32 144 18 64° 
tag yee te—ote ite 


7 cot ma | 4 x cot ana ( y 16 36 ) 


Hill’s expression is derived from f(a) by replacing 4a* by 6 and dividing 
by 2”: this is the coefficient of — 6,° in the expansion of his infinite de- 
terminant. When these changes are made, the above result agrees with 
that of Hill. 

Some easy tests of its accuracy are available from the fact that a = 
+= },a= + 3 cannot make f(a) infinite. If then we puta = +442, 

3 + 2, and expand in powers of z, all negative powers must disap- 
pear. Further, since a does not occur in any term of the original expression 
for f(a) to a power higher than its square, it follows that lim a@f(a), a = 9, 
must be finite. Similarly lim (@ + 1)f(a), a = + 1, must be finite. The 
expression has been found to satisfy all these tests.* 


a> = 


*Note added Jan. 24,1912. It should be stated that J. C. Adams had also computed this 
series and had given the result in a different form (Mon. Not. Roy. Astr. Soc., vol. 48, p. 47), but 
with no indication of his method of procedure. An inspection of the extracts from his manu- 
seripts (Coll. Works, vol. 2, p. 92), made since this paper was completed, shows that he followed 
methods similar to those adopted here. 

New Haven, Conn., 

October 10, 1911. 
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A THEOREM IN DIFFERENCE EQUATIONS ON THE ALTER- 
NATION OF NODES OF LINEARLY INDEPENDENT 
SOLUTIONS. 









By E. J. Movutton. 





Consider the difference equation 






a ea aan, 





Plot a solution u(i) of this equation on an X-axis, making u(i) cor- 
respond to a point z;, where xz; < 2i4:, and joining successive points by 
straight line segments; a point x at which this broken line meets the axis 
will be called a node of the solution. Concerning the nodes of linearly 
independent solutions, the following analogon of a classic theorem of 
Sturm for differential equations may be stated: 2 

THEOREM. For any linear homogeneous difference equation of the form | 
(1), where L(i)N(i) > O for every value of i (¢ = 1, 2, ---, n), the nodes of 
any two linearly independent solutions separate each other.* 

The proof of this theorem can be effected as follows. Let u,(i) and 
us(t) be any two linearly independent solutions. Then ? 

1°. No node of u;(7) coincides with a node of u2(i). For if x were a i 
node of both u;(7) and u2(i) it would be a node of every solution; but sup- - 
posing a, < x < 24), it is obvious that the solution determined by the | 
conditions u(k) = 1, u(k + 1) = 1 has no node at z. 
Next, using the notation 


(2) Wk) = us(k + 1)u(k) — ui(k)w(k +1) (k = 0,1, -+-, 0), 
















it is known from the general theory of difference equations that W(k) is 


distinct from zero; and one may prove 
2°. For any values of k and / such that W(k) and W(k + 1) are defined, 







* The proof of this theorem was given for an exercise by Professor Bécher in a course in dif- 
ferential equations at Harvard; and proofs more or less similar to the one here given were worked 
out simultaneously with and independently of this one by Messrs. Allen, Brand, Fort and Graustein. 
A theorem very similar to this one is given by Porter in these Annals, 2 Series, vol. 3, 1901-1902, 
on p. 65. He makes the assumption that neither of the solutions considered has a node at 2o. 
And his proof, which is very different in character from the one here given, depending upon the 
introduction of an auxiliary parameter, seems to be lacking in completeness; it does not seem ob- 
vious, for example, that the v-points (i. e., nodes) all vary in one direction as the parameter z 
increases, 










137 





E. J. MOULTON. 
W(k) 
W(k + 1) 


It is no restriction to assume 1>0; and for / = 0 the result is immediate. 
From the identities 


L(k + 1)us(k + 2) + M(k + Iuilk + 1) + N(R + Iu(k) = 0, 
L(k + 1)us(k + 2) + M(k + lus(k + 1) + N(K + 1)ua(k) = 0, 
one easily obtains 
Likk+1)WkK+ 1) —-N(K+ DW) = 0. 
Hence, since W(k + 1) + 0 and Lik + 1)N(Kk + 1) > O, 
Wh) _Le+N So. 
Wk+1) N(K+1) ; 
enn ee +e. 
WK+ I) saN(k+)) 


The theorem is without content unless at least one of the solutions has 
two or more nodes on the interval 2) < x < 2n41. Suppose then that 
ui(i) has two successive nodes at xz’ and z”’: 


> 0. 


and therefore 


Me SZ <tr Tt <2’ Stam, $21. 


One may prove next 
3°. If w2(z) has no node on the interval 2’ < x < 2” then 


W(k) Wk + 1) 
8) ® GE Duk + 7%” ae . 





uk + Dusk +0 < 


Consider the interval xz, < x < 2441; the possibilities for w2(i) are 
indicated in the figure; it is to be observed that if the signs of u;(i) or of ue(7) 





| 
| 
| 
' 
! 
! 
\ 
i 
' 
' 


L, 
i“ - ----m---------4 


I 
or of both u,(z) and wu(i) are changed the following argument is not 
altered. Now u,(k + 1) and u(k + 1) are not zero and hence from (2) 
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W(k) ue(k) ur(k) 


uk + 1)uck +1)” w(k +1)” w(k +1)" 
If u,(k) = 0, then, using 1°, 








w(k + 1) 7° 


hence (3a). If ui(k) + 0, then either 
mk) = lh). 
u(kK+1)= 7” wi(k+1) 
and hence (3a); or, referring to the figure, and using 1°, 
uo(k) - us(k) e (-” 5) = (-" _ ™) __ mi — M +0 
ul(k +1) w(k +1) ms m ) "mm ~~ 


Therefore (3a) holds in all cases. (3b) can be established in a similar 


manner. 
Now suppose that w2(z) has no node on the interval z’ <2 <2”; then 


dividing (3a) by (3b), 


> 0, 


Wk) " ur(k > l) Uk + l) 
Wk+) wlk+1)' wk+) < 


0. 


Hence by 2° and the hypothesis that u,(i) has no node on the interval 
zr’ <a <2”, it follows that 

uo(k + l) 

ua(k +1) <° 


} 
If | = 1 this leads at once to a contradiction; if 1 > 1 this implies that 
u2(i) has a node on 241 < 2 S X41, and one is again led to a contradiction. 
Hence between every pair of nodes of one solution there is a node of the 
other; that is, the nodes separate each other. 


Harvarp UNIVERSITY, 
CAMBRIDGE, Mass. 
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PERIODIC QUADRATIC TRANSFORMATIONS IN THE PLANE. 


By VirGIL SNYDER. 


In his prize essay on periodic transformations, Kantor * mentions one 
class in which each power of a quadratic transformation is quadratic, unless 
it is periodic, in which case each power except the identity is a quadratic 
transformation.t No equations are given, and but few of the properties of 
the transformation are derived. It is probably for this reason that an 
important category of quadratic transformations is omitted from Kantor’s 
list, and consequently whole groups ‘‘ with two points ”’ should be added 
to Wiman’s classification.{ There is no error in the latter paper, but the 
results of Kantor’s investigations are assumed to be correct. By applying 
the same methods, as used by Wiman, upon the omitted forms a complete 
list can be obtained. It is the purpose of this paper to obtain the equation, 
define the system of fundamental elements, and discuss some of the proper- 
ties of these transformations, and to show the existence of new ones not 
heretofore considered. || 

1. Let 2,’ = ¢;(21, 22, 23) = ¢,(x) [i = 1, 2, 3] define a birational quad- 
ratic transformation 7 of period 3 in a ternary field. Let A, B, C be the 
fundamental points in [z], and A’, B’, C’ those in [z’] such that the image 
of A is B’C’, ete. Finally, suppose that x;, z;/ are referred to the same 
triangle of reference and the same unit point. An arbitrary line c,(z) will 
go into a conic ¢(z’) through A’, B’,C’. This conic, regarded as in [z], will 
have for image in [z’] a rational quartic having double points at A’, B’, C’. 
On the other hand, from the relation T? = 1 or T? = T-' it follows that the 
line ¢,, regarded as in [z’], will go into a conic circumscribing the triangle 
ABC. This conic must be identical with the quartic with double points at 
A’, B’, C’, after extraneous factors have been removed. This condition 

*S. Kantor: Premiers fondements pour une théorie des transformations periodiques univoques; 
mémoire couronnée par l’académie des sciences physiques et mathématiques de Naples dans le 
concours pour 1883, Atti della R. accademia delle scienze di Napoli, ser. 2, vols. 3 and 4 (1891), 
pp. 1-356. 

TL. c., § 30. 

¢ A. Wiman: Ueber die endlichen Gruppen von birationalen Transformationen in der Ebene, 
Mathematische Annalen, vol. 48 (1895), pp. 195-235. 

For the definitions of the various words used throughout the paper as well as for a systematic 
treatment of the elementary properties of these transformations, see Miss Scott’s Introduction to 
modern analytic geometry (1892), pp. 218-225, or Doehlemann, Geometrische Transforma- 
tionen, Zweiter Teil (1908), pp. 1-23. 


140 





PERIODIC QUADRATIC TRANSFORMATIONS IN THE PLANE. 141 


necessitates that the two triangles ABC, A'B'C’ have two and only two vertices 
in common, and that the third vertex of each can not lie on any side of the 
other, since the passage of a curve through a fundamental point is the 
necessary and sufficient condition that its image should contain a funda- 
mental straight line as a factor. 

We shall first assume that the points A, B, C are distinct. The cases 
in which two or all three approach coincidence will be considered later. 
Several cases may now arise, but all the others may be derived from one by 
multiplying a certain quadratic transformation by an appropriate cyclic 
collineation. Assume B = B’,C = C’. 

2. The image of the point A is, by hypothesis, the line B’C’ = BC. 
The image of BC is, by hypothesis, the point A’. Since JT? = 1, it follows 
that the image of A’, regarded as a point of [z], is A, regarded as a point 
of [2’]. 

Since no three of these points are collinear and no two approach coin- 
cidence, we may take, without loss of generality 


A=(1,0,0), B=(,1,0), C=(0,0,1), A’ =(1, 1, 1). 


Since by T a straight line in [z] goes into a conic in [z’] through A’, B’= B, 
C’ = C, we may write 


px, = a(x,’? — 22x53") + baa! (ay’ — x3’) + cxs'(21' — 2’), 
pt, = a’(xy" — X2'x3') + b'x2'(a1' — X3') + c'x3'(a1' — 22’), 
pxr3 = a’ (x,"" — 12/3’) + b’’x2'(a1' — rs’) + c''x3'(a1' — 2’). 
Any line m3%2 — m2x; = 0 through A goes into a conic having 2,’ = 0 
as factor, for every value of m2:ms;, hence 
a’ +b’/+c' =0, 
a’ +b" +c" =0. 


In the same way, since a line m3r; — m,23 = 0 through B goes into a conic 
having x,’ — x,’ = 0 as factor, we obtain the further relations 


a+b=0, a’+b" =0. 


A line m.z, — m2 = 0 goes into a conic having 2;' — 23’ = 0 as factor, 
from which 
a+c=0, a’+c' =0. 


The point (1, 0, 0) in [z’] has (1, 1, 1) for its image in [z], hence 


/ ” 


a=a =a. 


ae 
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These eight equations of condition are just sufficient to determine the coef- 
ficients in the equations of the transformation. The result is: 


, 


ox,’ = LNs, px, = (%1° — X2')(X1' — zy’), 
oxy) = 23(t2 — 2%), T's pt, = 21'(r1' — 23’), 
ox3’ = X2(%3 — 11), prs = 2'(a1' — 12"). 
3. The points of the plane are arranged in triads. If the points of a 
triad are collinear, the locus containing the triads will be invariant under 
the transformation. The equation of the locus is 


Xe T3 


o 


1 
To23 43(%2 — 7%) %2(%3 — 2%) =O; 


(a1 — @2)(%1 — 2X3) a(t. — 23) =4i(Z1 — Xe) 


i 


it consists of the five lines 
%2—273;=0, r1—6z;=0, r1+2x;=0, x,—0x,=0, 1¢+627.=0 (0° = —l). 


Of these, the first, second, and fourth meet at D; = (6, 1, 1), while the first, 
third, and fifth meet at D, = (— @, 1, 1). Thus the invariant line 
2 — x; = 0 contains two of the self-corresponding points. The others are 
D; = (6, 6, — 1), the intersection of z,; — 6x; = 0, 2; + @x. = 0 and 
D,; = (6, 1, 67), the intersection of xz; — 672. = 0,2, + @x; = 0. 

. The pencil of lines through C remains invariant, a triad being formed 
by the lines 

t2=kx, = at 

Similarly for the pencil through B. 

5. In the preceding equations of condition among the coefficients, the 
first six were obtained independently of the periodicity. If 7” = 1, the 
last two equations are replaced by A’7"~?A. All the coefficients are linear 
functions of a, a’, a’; of these, a’, a’’ enter symmetrically. The equations 
now become 


/ 
oX;' = AIers, px, = a(x,’ — 2»’)(xy' — 23’), 


. Uy om 
T: o22' = 2;(a%, —a'x,), To: pis a’x;'(x;' — 23’), 


- 


or;' = x2(ax3 — a’’x)), prz = a’’x,'(x1' — 22’). 
If we put a’ = a” = 1, the following properties are now apparent. The 
pencils of straight lines through B and through C are invariant. The 
transformation is a collineation for each of these pencils, leaving two 
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lines invariant. Those of B are x, — m3 = 0, x1 — mox3 ='0, m, m2 
being defined by 


Dy in eee pe Ree mR 








m —am+a= 0. 


The lines 2; — mir. = 0, 2; — mex, = O are invariant through C. The 
line AA’ = 22 — 23 = Ois invariant and contains all the n — 2 images of A’. 

The lines x; — mx. = 0, 11 — mx3 = O intersect in D,, x; — mx, = 0, 
1 — mor; = O intersect in D.; D,, D2 both lie on z, — xz; = 0. The lines 
rt) — mr3 = O, Xi — MX. = O intersect in D3; x; — mxz3 = 0, 21 — 
m,t. = 0 intersect in D,. The points 








D, = (mym2, M2, M2), D2 = (myme, mi, Mm), 





— 
HS nl 
<a a at Mito 






Ds = (mym2, mM, M2), D, = (mym2, M2, M,) 





aa 


are the only invariant points of the transformation 7. Every conic 
ky(xy — mX3)(X1 — Mere) — ko(x1 — myL2)(X1 — MexX3) = 0 of the pencil 
through B, C, D,, Dz remains invariant. Thus, any point P and all its images 
under T lie on the same conic of the pencil, when a’ = a’”’. 

6. The value of a can be readily determined when n is given. If 
z,"), ro, 23 are the coordinates of the kth image of (x1, x2, 23) when 
operated upon by 7’, then the point A’ = (1, 1, 1) becomes 


— 2! a k — ee 
x) = B'-B", 26T) = x+y", 
» . oe , ~~ thee) 6 oP 
B= B-y, UV = y's, 

a ” k — 
ry) = Boy", z*t) = 7'-8", 


wherein 6’ = y’ — a’f’, 6” = vy” — a’’B”, each function /” being the same 
function of aanda”, asl’ isofaanda’. If 
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k = 2, 
then B’=a-a’, 
vy’ =a — 2a’; 






putting a’ = a” = 1, the following formulas are obtained: ‘ 













a=1 for n=3 
a=2 n= ' 
a —3a+1=0 n= é 
a’ —4a+3=0 n 
a’ — 5a? ++ 6a —1=0 n 
a’ — 6a? + 10a —4 = 0 n 
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For any composite value of n, one root a of the associated equation belongs 
also to the equation associated with that factor. All the roots of the 
equation are real. 

7. The fundamental triangles all have the vertices B, C in common; 
the third vertex of each always lies on the invariant line z. — z; = 0. 


Forn = 3, T has ABCin[z], A’BC in [z’J, 
T? has A’BC in [x], ABC in [z’]. 

Forn = 4, T has ABC in[z],  A’BC in [7’, 
T? has A,’BC in [x], A,’BC in [z’], 
T* has A’BC in [xz], ABC in [z’], 


wherein A’7'A;’, A;’ = (2, 1, 1). 

The images of A’ are thus arranged in pairs, A’T*A,’, A’T*-*A,_,’ 
being associated. When n = 2m, in 7J* the fundamental triangles must 
coincide, since (7)? = 1, or 7™ = T-™. 

8. For n = 4,a = 2,m, = 1+i%,m.,=1-—171. There are two pencils 
of cubics which remain invariant. The first is 


ky(a. — M123) (21 — Me2X2)(L2 — X3) + k{(1 — m2)X\(r2 — 23) 


; + (m, — m2) x3(4, — 22)]- 1 = 0, 
wherein 


Ll = mym2(r2 — 23) + 2(myr3 — Mot2) + 21(mM2 — mM) = O. 


The other is obtained from it by interchanging m,, m2. The first is com- 
posed of cubics having a node at D;. The second is composed of harmonic 
curves. 

9. When n is a prime greater than 3, the associated value of a is irra- 
tional. 

10. The equations of the transformation will now be obtained from a 
different point of view, without any use of the preceding method. Since 
the pencils of straight lines through B and C are invariant, the transforma- 
tion can be generated most easily by the Seydewitz method.* 

The line z; = 0 goes over into z,' = 0, 2; = 0 into x,’ — 23’ = 0. The 
line z1y3 — r3y: = 0 through the point (y) goes into 


ai'(kys — yi) = kysxy’, 


k being an undefined parameter. 


* Darstellung der geometrischen Verwandtschaften .. . , Archiv der Mathematik und 
Physik, vol. 7 (1846), pp. 113-148. 
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The values of mm, m2 in the equations of the invariant lines of the pencil 
L1 — ML3 = 0, 21 — Mort; = O 


are roots of the equation 
m? —km+k = 0. 


The characteristic anharmonic ratio of this linear transformation is m;/mo. 


If the period is n, then 
m," = m2". 


Since 
my, a mo = 2. MM. = k, mM, + mo, 

we have an equation of order E[(n — 1)/2] to determine k, E(s) being the 
largest integer not greater than s. It is exactly the preceding equation in a. 

The same equations will hold for C if x3 is replaced by z2 and k by I. 
The period of this pencil may be n or any other positive integer. The 
line rye — rey: = O joining (y) to C goes into x,(ly2 — y:) = ye2t2, hence 
(y’), the image of (y), is defined by the intersection of the lines 


Xi(ly2 — yi) = ly2te, ailkys — yr) = hysts. 


Replacing (y), (y’) by (x), (x’), the equations of the transformation become 


U 


ox,’ = klrox3, px, = kl(x,' — 22’) (a1' — 23’), 


S: o22' = kxo(lz3 — 21), So: pxe = lxy'(x1' — 22’), 


Ul 


0x3 = lx3(kxe - x1), pxr3 = kay’ (2x1 _ 23). 


If kl = a, 1 =a’, k =a”, S is the product of 7 and the harmonic homol- 
ogy H: x; = o2;', X2 = o2%;', X3 = o2X2', Operating first with T and then 
with H. S = TH. 

11. If k = 1, the new equations of 7 reduce to the form previously de- 
rived. Ifk + l, the successive images of A’ are not all on the line x.—2;=0, 
nor do the images of a point P all lie on a conic of the pencil BCD,D.. 
The pencil B(PP’D,D;) has the anharmonic ratio m; : m2, while the pencil 
((PP'D,D») has the ratio m,’ : m2’. Even if the linear transformations of 
the pencils B and C have the same period n(n > 3), k, / may be taken as 
different roots of the same equation. When n is prime, there are therefore 
[(n — 1)/2}? different transformations of period n, but of these only 
[(n — 1)/2] have the images of a point all lie on a conic. 

12. In Kantor’s treatment, which is purely synthetic, the case k + l 
is not considered. In consequence, all the finite groups generated by T 
and any other finite groups are omitted from his list, and also from that of 
Wiman, although the methods used by the latter are correct. 

13. Transformations of the form 7, (k + /), cannot be regarded as the 
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plane depiction of a linear transformation in space under which a quadric 
surface remains invariant. 

14. The remaining cases can all be obtained from T' by first performing 
a cyclic linear transformation. 

If B’ =C, C’ = B, first apply the harmonic homology oz, = a’a’'z,’, 
ot, = a''73', 0X; = a’ 2’, then T. 

If A’ = B, C’ =C, apply 


oX, = a°r,', of, =a’ 2X, oX3 = aa'sy’. 


If A’ =C, B’ = B, apply 


, 


9 2 
ox, = a*r;', oX, = aa"x,, ot3=a''2;'. 
If A’ = B, B’=C, apply 


9 2 2 
ox, = a’a't;, of: = aa'r,, os; = aa’ ze. 


If A’ =C, C’ =B, apply 


Ul , 


oo" ae 7 (tia. # 
or; = @a2X2, Cio = AA IT3, CF¥3 =~ Aaa IX}. 


The last two linear transformations are cyclic of order 3. 

15. When two of the fundamental points approach coincidence, the 
same thing happens to the inverse, and we have a quadratic transformation 
of the second kind.* Let the images of the straight lines of the plane be 
a net of conics touching a line p at the point P, and also passing through 
another point Q. In order that each power of this transformation be 
quadratic, the inverse system of conics must have two of these basis points 
in common, that is, they must either pass through P and Q or touch p 
at P. Inthe former case they can have a common tangent p’ at P (p’ + p), 
or all touch acommon line gat Q. In the second case they also have another 
basis point R. These three cases will be considered in turn. 

16. Let the inverse system pass through P and touch g at Q. Put 


3=0, gq=27.=0, PQ=27, = 0. 


A simple calculation shows that the only possible form is 


/ 
OX; = AX;X%3, px, = acx;' x2", 


ox,’ = br’, pl, = a*x,’Z;', 


, 2 
OX3 = CXoX3, px3 = ber,”. 


It is of period four, independent of a, b, c; its square is the involutorial 
quadratic transformation of the first kind. 


* Doehlemann, I. c., p. 30; Scott, 1. ¢., p. 222. 
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17. Let the inverse system touch p’ at P and pass through Q. The 
equations become 


ox,’ = ax 123, px, = cx;'(ax;' — kay’), 


O22’ = CX2%3, pX2 = ax,'(ax;' — kx’), 


ox;' = dx," + ka,23, pxr3 = cdzx,"". 
The two projectivities are defined by 
,_ a tkm 


my’ aoe m 
1 c ly 2 am, 


wherein 
MiLo = XM1, Mo, = Iz. 
In this case transformations of any period greater than 2 may appear. 
The common tangent is p’ = az;’ — kzy’. 
18. Let the inverse system touch p at P and pass through R. The 
general form of the transformation is 


ox,’ ax\r3 + bz’, 


/ 


OLq = CX2L3, 


U 


Or3 = dr;*. 


the new basis point being R = (b, 0, d). 

From the equations we have the two projectivities 
1) dz,’ — brs! 7 Ts 
axr3 


U 


are CXo 
dx,’ — br;' dx," 


In the first, the two pencils are concentric, the invariant lines are 73= m2, 
wherein m is defined by the quadratic equation 

am? + bm — d = 0. 
The second is a perspectivity between the lines of two non-concentric 
pencils, the axis passing through P = (0, 1, 0). By means of the figure 
suggested by (1) and (2) it is easily seen that this transformation cannot be 
periodic for any values of a, b, c, d, except when b = 0, in which case it does 


not belong to this type. . 
19. In case all three basis points approach coincidence the general form 


becomes * 


* Doehlemann, |. c., p. 32; Scott, 1. ¢., p. 222. 
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a(x, — M23"), 
bz”, 


= CXLor3. 


The inverse is already in the proper form. By repeating the transformation 
the law of composition of the coefficients is at once seen. The trans- 
formation will be periodic, of period n, if 


b=1, a*=c" = (ac)"*=1, a1, c #1. 


There are as many types as there are sets of values of a and c satisfying these 
conditions. For n > 5 a point and its successive images will lie on a 
conic when and only when a = c. Neither Kantor nor Wiman considers 
any of the cases in which fundamental points approach coincidence. 


CorRNELL UNIVERSITY, 
August, 1911. 













ON THE REDUCTION OF A SYSTEM OF LINEAR DIFFERENTIAL 
FORMS OF ANY ORDER. 
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By ARNOLD DRESDEN. 


a: 





In the classical theory of the extremum of a definite integral of the 
form I F(z, y, x’, y’)dt, the discussion of the second variation and of Jacobi’s 
differential equation is based on the reduction of the second variation by 
means of Weierstrass’s transformation to a form analogous to that of the 
second variation of the integral S fla, y, y')dzx.* It appears to the writer 
that the essential character of Weierstrass’s transformation is the reduction 
of linear differential forms of the second order in three variables to similar 
forms in two variables. This character becomes more apparent when one 
attempts to parallel Weierstrass’s work for the case of an integrand con- 
taining n unknown functions of ¢ and their first derivatives. 
The purpose of the present note is to consider, from a general point of 
view, the problem of reducing a system of n linearly independent differential . 
forms of pth order, containing n + 1 unknown functions of ¢, to a similar 
system containing n unknown functions. The application to the calculus 
of variations can then be made by putting p = 2. So far as I have been 
able to determine, this problem has not previously been discussed in the 
literature. 
Suppose we have n differential forms: 











SRR ree 


} 





Tee witha ty 
ee ae 









SRF 
nl a 












= 


>= 





alain akan tin siee Sake 






n+ Pp 
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where a,,; are functions of ¢ of class C‘} on an interval (¢;t2) and such that 
the matrix ||a,,;| is of rank n.t 
We shall then seek to determine a;; and Aj», in such a way that we can 











write 
(2) Vi= 3 > Any”, 
=1 1=0 
where 
n+l 
(3) YY = Dy it 
* Compare, e. g., Bolza, Vorlesungen iiber Variationsrechnung, §§ 28 and 29. 
+ A function is s: aid to be of class C™ if the function is continuous and has continuous deriva- 
tives of the Ist, 2d,. . ., [th order. 






t For the definition of rank, see Bécher, Introduction to Higher Algebra, p. 22. 
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If we suppose | A;,.| + 0, and put 
(4) z= 2A ie, 


we can solve the latter equations for y, in terms of z,;; substituting the results 
in (2) would reduce these expressions to the form 


n p—l 
(5) y= 2) + > au Binz; 


and, substitution of (4) in (5) would reduce these back to (2). 
Hence there is no loss in generality if we try to determine §;; and 
Bix. in such a way as to reduce (1) to the form (5) directly, where 


(6) a = De Brstje 


Substituting (6) in (5) and comparing the coefficients of the terms in 
z;‘, with the corresponding coefficients in (1), we see at once that 


Bj = Akp; 


for all values of k and j. Thence we have 


n+l 
(7) 2; = Do ipZj. 
j=l 


Rather than compare coefficients of terms of lower order, we proceed now 
as follows: Since the matrix | a;,; || was supposed to be of rank n, equations 
(7) can be solved for z; in terms of z,;; we find: 


aj = DCyzi + Ay, 
k=1 


where A; is the n-rowed determinant obtained from || a;,; || by striking out 
the jth column and multiplying the result by (— 1)/-!, w being an arbitrary 
function of t. 

If we substitute these results in (1), these forms will reduce to forms (5), 
of, and only if, the terms in w vanish identically. 

This leads at once to the following necessary and sufficient conditions 
for the possibility of our reduction: 


n+1 


Pp 
(8) De ainj(Ajw) = 0, 


j=9 l= 


In order to express these conditions in terms of the coefficients of (1) alone, 
we make use of the following formula: 
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i 
(9) uv =P (— 1)Cr m(wmo)-™, i 
where 
C _ l! ; 
ym =m! (l— m)!’ 
which we can prove by a complete induction. 
We know wo = (uv-Y)! — uy, 





Assuming the formula to hold for | — 1, we have: 





i—1 
uv'—-) = es (— 1)"C 1, m(u™v) 


m=0 





i-1 
u'v—D = DY (— 1)"C 4, m(u™ Dp) 









U 


- > (— 1)" Ca, m—i(u™v) -™, 






m=1 
Hence t 
sm} i i 
uw =D (— 1)"C 2, m(u™v) —™ + DY (= 1) ™C re aym— (uv) fe 
m=0 mal es 





i 






= ¥ (= 1)"[Cra, m + Cra, m-a)(u™r) -™ t 
m=0 ; 

i J 

= p (— 1)"C,, m(u™y)—™, ‘ 








which proves formula (9) for 1. Since we can verify by immediate substi- 
tution that the formula holds for 1 = 2, 3, its validity has been established. 
By means of (9), conditions (8) reduce to: 










FESS (— 18, wlan] =0, G= 1-2). 


j=l I=0 m=0 










Putting 1 — m = r, these become 


n+1 


SSE (HVC, ela PAw] 0, = 1-0). 


j=1 r=0 l=r 









Again, since these conditions have to hold true for any function w, we obtain 
the following pn + n conditions, 





n+l 


(10) ym > (— 1)'"'C), an; A; = 0 (r=0,---,p;t=1,--:, n). 


j=1 l=r 





For r = p, these reduce to 





n+l 


LD aipjA; =0 (i= 1, “+, 0); 
j=! 
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which are satisfied in virtue of the definition of A;. The remaining pn 
conditions can be expressed by equating to zero certain (n + 1)-rowed 
determinants. The first n rows of these are always formed by the matrix 
|| @ipy |; the last row is formed by the elements 


Pp 
B(- YC ray? (Gad, ym +0) 


For the particular case of 2 forms of the second order involving 3 un- 
known functions of ¢, the conditions take the form 


4131 132 
4231 (1232 


€ / « , ‘é , 
24 i331 — Qin. 20i32 — Aig 2Ai33, — 


1132 133 
232 1233 


7 , ” } 
Qi31 —Qi2y +i. Aiz2/’ — Aina’ +Gi12  Gig3'’ —Ai23' +Gins 


baw 


We can now state the following conclusion: 

If we have given a system of differential forms (1), in which the coefficients 
ai; are functions of t of class C\ on (tte) such that the matriz || a;,;\\ is of 
rank n, and if these coefficients satisfy, on that interval, the pn conditions 
(10) (r = 0, 1, ---, p—1;7=1, ---, n), then n? functions of t, Ai, 
may be chosen arbitrarily except for the condition | A ipx| + 0 on (tits); and 
(p + 1)n? +n functions of t, Ain and a,;, are then determined uniquely, in 
such a way that the forms (1) are reducible to the system (2). 

In the application of the reduction discussed in this note, it is frequently 
desirable, after its possibility has been established, to be able to select 
arbitrarily the coefficients a,; in equations (3). 

To determine the conditions under which this is possible, we substitute 
(3) in (2) and compare the coefficients of 2; with the corresponding 
coefficients in (1). This leads to i systems of equations, each system con- 
sisting of n+ 1 equations in the n unknowns A;,x: 


es m (i =1, ---, n), 
2 A pice = Ajp; (j = i. reey n+1). 


These will be solvable for A;,, if the i eliminants vanish. It is furthermore 
clear, that if a; are finite, the values of A,,, so determined satisfy the 
condition | A;,.| + 0, required in our theorem. 
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Thence, if conditions (10) are satisfied, the coefficients a; may be selected 
arbitrarily and all the coefficients of the new forms determined uniquely, 
but for a constant factor, if and only if we also have: 

n=1 


(11) 2X aip,D; = 0 m1, ---, 9), 
- 


where D; is the determinant obtained from the matrix | a; | by striking out 
the jth column and multiplying by (— 1)’. 


UNIVERSITY OF WISCONSIN, 
December, 1911. 
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ON THE FUNCTIONAL EQUATION FOR THE SINE. 
ADDITIONAL NOTE. 


By Epwarp B. Van VLECK. 


In vol. 10 of the Annals, p. 161, I brought forward the following func- 
tional equation for the sine: 
(I) f(x —y+A) —flat+y t+ A) = 2f(x)fly). 
In the second of the two proofs there given for the definition of the sine 
by means of this equation, one step should have been supplied to the reader 
between 7) and 8) to justify in the second equation of 8) the exclusion of 
the values f(z) = +1 for O0<a<B< A. The Justification of this 
exclusion runs as follows. 

Suppose /: to be a value between 0 and A for which f(/) = + 1. Then 
by my equation * (2), 

f(k + A) = 0. 
Putting y = k in (1) we have 
fix -k+A)+ f(a +h + A) = 0. 
But for y = k equation (I) becomes 
fix —-k+A)—f(lx +k +A) = = f(z). 
The combination of these two equations gives 
f(a +k+A) = = f(z). 
This is equivalent to 
f(a+k—A) = = f(z), 

since the addition of 2A to the argument of the function changes its sign. 
Hence if z is replaced in (1) by z + k — A, there results the equation 


f(fx-—ythk) -—firty+hk) = = A(x)fly), 


where the upper or lower sign holds in the right hand member according as 
fiz) = + 1or f(z) = —1. In the former case the equation is the same 
as (I) with / in place of A, while in the latter case we have merely to put 
fi(x) = — fix) to make it the same. We may therefore suppose.A in (I) 
to be the smallest value of k > 0 for which f(k) = + 1. In other words, 
between 0 and A we have 


—1< f(z) <1. 
* The equations referred to are 
(1) f(z -—y+A)+f(ze+y +A) = (z+ A)fly + A), 


1 = f(z) + f(z + A). 
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ON THE RECTILINEAR CONGRUENCE REALIZING A CIRCULAR 
TRANSFORMATION OF ONE PLANE INTO ANOTHER.* 


By ARNOLD Emcu. 





1. In what follows I shall deal with the rectilinear (2, 2) congruence 
constructed by means of a circular correspondence between two planes. 
As far as I am aware the construction of the congruence has not previously 
been specialized in this way. 

The general construction of congruences by means of birational cor- 


respondences, and the converse, has been studied by several authors. fs 
Steiner,t for example, established a quadratic correspondence between f 
two planes by the intersection of the congruence of lines through any two i 
skew-lines with those planes. Hirst,f on the other hand, investigated the r 
class of congruences, based upon the Cremona transformations of two ft 
planes. re 

2. Consider a sphere of radius r and center M and on it any two points i 
Z and Z’ with the distance ZZ’ < 2r and any two planes E1ZM and é 


ke’. Z'M, Fig. 1. E and E’ may be considered as inversions of the sphere . B 
from Z and Z’ as centers. Take any point P on the sphere and let A and &, 
A’ be the inverses of P in the planes E and FE’. Let B and B’ designate 
the piercing-points of the straight line through Z and Z’ with FE and E’ 


and let ZZ’ = s, ZB = p, Z'B' = p’, BB’ =q, so that q = p+ p’ —s; then 











ZP-ZA =ZZ'-ZB =p-s 
Z'P-Z'A' = 22Z'-Z'B' = p’-s. 


(1) 


iy) 









If now E’ and E represent complex planes, then the relation of the points 
A’ and A is that of a bilinear, or circular transformation: § 


,» _az+b 
. ~ ez +td 


3. The line joining all pairs of corresponding points form a congruence 

whose properties may be derived in the following manner: Pass a plane F 
F0, . . . . 7 yp ry 

through ZZ’ and P, cutting the line of intersection e of E and E’ in S and 


* Presented to the American Mathematical Society, September, 1911. 

* Steiner: Ges. Werke, vol. 1, pp. 407-439. —— 

t Hirst: On Cremonian congruences. Proc. Lond. M. S., vol. 14, pp. 259-301. For further 
references see Sturm: Liniengeometrie, vol. 2. . : 

§ Harkness & Morley: Introduction to Analytic Functions, pp. 42-44. Sturm: Die Lehre 
von den geometrischen Verwandtschaften, vol. IV, pp. 90-95. 
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the sphere in the circle C. In the inversions (Z, E) and (Z’, E’), the straight 
lines SB and SB’ respectively correspond to C. It is seen that the line 
AA’ intersects the straight line through ZZ’, and consequently, since P is 
any point on the sphere, all lines’ of the congruence pass through ZZ’. 
Letting P describe C and designating by P, Pi, P2, --- any set of points on 











Cand by A, Aj, Ao, --- and A’, A,’, A,’, --+ their projections on SB and SB’ 
in E and E’, there is plainly 


(Z-AA,A> ** -) * (Z’-A’A,Ad’ o- -), 
and consequently 
(3) (AAAs +--+) oe (A’ASAY +>). 


The product of these projective ranges is a conic K. We have therefore 
the theorem: 

The envelope of all lines of the congruence situated in a plane through ZZ’ is 
a conic. 

With every point P of the sphere, not coinciding with Z or Z’, is asso- 
ciated a definite line AA’ of the congruence. If P moves on C till it co- 
incides with Z, it is plainly seen that, since the tangent to C at Z is parallel 
to SB, the ray corresponding to Z is B’S’ || BS. Similarly to Z’ corresponds 
the line BS’ || B’S. From the figure AZAB ~ AZZ’P and AZZ'P» 









CIRCULAR TRANSFORMATION OF ONE PLANE INTO ANOTHER. 


AA‘Z'B’, hence 
(4) AZAB w AA'Z'B’, 


and 4 ABZ = 4 A’'B’Z’. From this follows that BB’ is equally inclined 
towards E and E’ and that SBS’B’ is arhombus. The conic K is therefore 
always in- or escribed to a rhombus and is accordingly an ellipse or an 
hyperbola with the middle point O of the distance BB’ as a center. When 
the plane F turns about BB’, the variable conic K in F generates a certain 
surface Q of which BB’ is a singular line. The congruence of lines consists 
now of all lines passing through BB’ and tangent to Q. From any point 
(; of BB’ two tangents can be drawn in every plane through BB’, namely 
the tangents to the conic K in F. The lines of the congruence through any 
point G of BB’ form therefore a cone T of the second order. Generally the 
order of a tangent cone to a surface is the same as that of the surface. As 
the singular line is a double line, the order of the complete tangent cone 
from G to Q is 4, so that the surface Q itself is of the fourth order. To deter- 
mine order and class of the congruence, choose any point in space and pass 
a plane through it and BB’. The lines of the congruence in this plane 
envelope a conic and two of its tangents, or two lines of the congruence 
pass through the arbitrarily chosen point. The congruence is therefore of 
the second order. Any plane cuts BB’ in a point G and the corresponding 
cone T in two elements. Every plane in a general position contains there- 
fore two lines of the congruence, and the later is therefore of the second class. 
Hence the theorem: 

The lines joining corresponding points in a circular transformation of two 
planes, as defined by (2), form a (2, 2) congruence. All lines of the congruence 
are tangent to a surface Q of the fourth order and pass through the singular line 
of this surface. 

To determine the character of the surface Q more definitely, it is 
necessary to go back to the origin of the conic K. The directions of the axes 
of all econies in- or escribed to a rhombus coincide with the diagonals of 
the rhombus. The lengths of the axes of K in F, Fig. 1, are determined by 
those positions of AA’ which are perpendicular to SS’ and BB’. Designat- 
ing the radius of C by p and the angle of BB’ with BS or B'S by ¢, then 
from the figure 


Ves = q qe 
’ SB = 9) = = 9 9? 





SO = lope : @’ n, a q |__gs s° qs 
a oe -; ~ N4(4p? —s 2) 2V 4p? — 3° 


From (4) AB-A'B’ = BZ-B'Z' = pp’. When AA'1 SS’, AB = A'B’, 
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hence AB? = pp’. Designating in this case the perpendicular distance from 
O to AA’ by a, then a? : AB? = SO? : SB”, and, introducing the above 
values, solving for a? and reducing, 

7 >» pp's® 

(5) of = 4p? 

When AA’ 1 BB’, then AS + SB = AB, SB — SA = A’B’, hence SB? — 
AS? = pp’, and AS? = SB? — pp’, or 


vo _ 
4p? — 52 PP’: 


A S = 


Designating in this case by 8 the perpendicular distance of O from AA’, 
we have 8? : AS? = OB? : SB’, and 


»_ Fe" — pp'(Ap? — 8°). 
(6) aiiees 4p" 


By subtraction of (5) and (6) we get 


_ App’ — ¢ 


= /? (a constant). 
4 ) 


(7) a — 3 

From (5) we notice that a’ is always a positive quantity,(p and p’ both 

positive). We can however dispose in such a manner of the points Z, Z’, 

B, B’, that in (6) 8? may be either positive, as in the case of the figure, or 

negative. In the first case (3° > 0) AK is an ellipse, in the second case 

(3° < 0) K is an hyperbola. We may also have k = 0, in which case all 
conics A are circles. Hence from (7) the 
result : 

The focal distance of all conics K is con- 
stant, i. e., the foci of all conics K are 
situated on a circle whose plane is perpen- 
dicular to BB’ and whose center is at O. 

To establish the equation of the sur- 
face Q, choose BB’ as the z-axis, the lines 
through O parallel and perpendicular to e 
as the z- and y-axes. Projecting the con- 
figuration on the zy-plane, Fig. 2 is ob- 
tained. The sphere appears as a circle, 

and the plane F with the conic K as a chord through Z. Let 2, y, z be 
the coérdinates of any point U on K (surface (2), then from Fig. 2, 


9 


¢? 

a — 72 2 
ye _ CC 7 grrr 
a?” CM? a" ae 
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and from this 
2 _ 8a" + 4r°y? 
Pa A(x? + y’) 


The equation of the surface Q is now 


x + y? 2 
a’ ¥ > 2 - 1, 
or, after replacing a’, 8? by their values in (5) and (6) and also“p? by the 
above expression, and reducing, 
(x? + y?)[pp’s?(s*x? + 4r’y’?) — ‘pp’’s'] — (s*x? + 4r°y?) 
(S) 
[k?(s*x? + 4r°y*?) — pp’s’z? — k*pp’s’] = 0, 


which clearly is of the fourth degree. 
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The intersection of Q with the ry-plane degenerates into the ellipse 


9 


i y* 
pp’ T pp's? 
4r? 


and the point (7 = 0, y = 0). 

5. The peculiar character of this surface is shown in Fig. 3 by an iso- 
metric projection. In this representation r=s=1, p=6, p’ =5, 
q=pt+p’ —s = 10, k? = 5; and the principal axis of Q along the z-axis 
measures 10 units. 

The equation becomes 


(9) (x? + 4y? — 30)(52? + 2y*) + (2? + 4y")62* = 0 
under these assumptions. 

6. As stated before, when /? = 4pp’ — q = 0, all conics A become 
circles. The condition is equivalent to 4pp’ — (p + p’ — s)? = 0, or 
(p— pp’)? —2(p+p')s+s?=0. This gives for s the values s=(V p+ V p’)’. 
The equation of Q reduces to 


(10) (x? + y? + 2°) (s'x" + 4r°y?) — pp’s*(z* + y*) = 0. 


For p = g, p’ = 4 we get as a value of s, s = 1, and putting r = 1, (10) 
becomes 
(11) (x? + y? + 2*)(2? + 4y*?) — 36(2? + y’) = 0. 
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ON DUHAMEL’S THEOREM. 


By R. L. Moore. 


In these Annals, July, 1903, pages 161-178, Osgood discusses the follow- 
ing proposition which he refers to Duhamel: 

Proposition I. “‘Let a; + a: + --- + a, be a sum of positive infini- 
tesimals which approaches a limit when n = 2%. Let 6,+ 6+ ---+ 3, 
be a second sum of infinitesimals which differ from the infinitesimals of the 
first sum by infinitesimals of higher order; 7. e., let 

Lim Pn 

Then the second sum approaches a limit when n = «, and this limit 

is the same as that of the first sum: 


Lim (8) + B2 + +++ + Bn) = Lim (a + a2 + +++ + @n).” 


a= 


Osgood calls attention to two objections to Proposition I, as it stands. 
First, whether it is true or not depends on what interpretation is given to 
the requirement that Lim 8;; = 1. Secondly, there are certain simple 
problems where the hypothesis of I is not completely satisfied though the 
conclusion holds. After discussing these points he formulates a substitute 
theorem* which is at once rigorously true and well adapted to application 
in the problems above mentioned. 

In the present paper I propose a second form,} which is suitable for 
application to a still wider range of problems and at the same time seems 
to be even easier{ to apply. 

In many, if not all, applications of this theorem the numbers ajn$ and 
3;,§ are related to subdivisions of an interval or (more generally) to sub-sets 
of a limited point-set in m-dimensional space. Let E be such a point-set. 
For each value of the positive integer n let Ein, E2n, > ++, Enn, be non-over- 
lapping sub-sets of E of interior measures in, €2n, «+ *, €nn, Tespectively. Let 
us now consider the numbers a;, and 8,, as being related (through the 


* Loc. cit., page 173. 

t Theorem 2, page 162. 

t This statement is subject to certain reservations which are indicated in a footnote on 
page 165. 
| $1 prefer to write ain, aan +++ Gan instead of a, a +++ an. 
desirable. 


Double subscripts are evidently 
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intermediation of their subscripts)* to Z;, for each pair of values of n and i 
(i = 1, ---,n). 

Osgood suggests} that, in certain problems at least, a natural interpreta- 
tion of the requirement that 


Lim 


~=@ Qin 


might bet that, for every point P of the point-set E, 


~ Bi nan 
Lim =1, 
r= Qi pan 


where ip, signifies such a value of i that E,,,,, shall contain the point P. 

But he gives§ an independence example to show that, under this inter- 
pretation, I is not a true proposition. If one examines this independence 
example, however, it is to be observed that here there is no upper bound 
to the set of values of the ratio 

Bin 


Qin 


I have found that if to the hypothesis of I there be added the requirement 
that such a bound shall exist and 


. £B; 
Lim 
nrt=z Q, 
be given the interpretation suggested above, I is thereby transformed into a 
true proposition. Moreover this proposition remains true even if a set of 
points (P) of measure 0 be relieved from the requirement that 


8; 
° Pr™ 
Lim =]. 


r= Qi p,n 


The following theorem holds true. 

Theorem 2. Hypotuesis:|| (a) E is a limited point-set in a space of m- 
dimensions. En, Eon, -++, Enn, are (for each value of the positive integer n) 
non-overlapping sub-sets of E of interior measures €in, €2ny ** *) Enny TeSpectively. 

; 


Tiny Tin (U = 1, +++, mn), are numbers such that the set {\rin' — Tin|} ts @ 
bounded set, i. €., there exists a number c such that for all values of n and i 





* Thus, for example, a. and 8. correspond to Ey2; a4; and By; correspond to Ey. 

+ Loe. cit., page 170. 

t Aside from phraseology, notation, ete. 

§ Loc. cit., pages 170 and 171. 

\\In close parallelism with Osgood I write rinéin, rin’€in’ instead of ain, Bin and avoid the division 
of Bin by ai,. There is an evident advantage in this in cases where a;, is sometimes 0. 
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| 


of E of measure 0. (d) If P is a point of E not belonging to E, then 
Lim (1, — 1: pan) = 0. 


*Pn™ 


(i<n), \tin’ — in| Se. (6) Limyoe Vieitinein exists. (c) Ey is a subset 


t= 


ConcLusion: Limye. Vieitin'ein exists and equals Lim,=. X'=\Tin€ine 

Proor. Ife > 0 and 6 > 0, there exists n., such that if n > n,; then 
S, < ¢, where S, denotes the sum of the interior measures of those of the 
point-sets Ein, Bon, +++, Enn, for which the corresponding* |rjn’— rj.) >6. For 
otherwise there would be some value ¢ and some infinite sequence of values of 
n such that, for each value of n belonging to this sequence, S, >«. There- 
fore, according to a theorem of W. H. Young’s,t generalized so as to apply 
to space of any finite number of dimensions, there would exist a point set K 
of interior measure greater than or equal to e, each point of K being con- 
tained, for an infinite sequence of different values of n, in some £;, for 
which the corresponding | rin’ — rin | > 6. But this would be contrary to 
Hypothesis (d), according to which K must be of measure 0. 

It is true, then, that if e > 0 and 6 > O there exists n,; such that if 
n>n,, then S, < « Hence ifn > n,, then 


n 
poe (Tin > Vin’ )€in < €c oo be’, 
i=1 


where e’ is the exterior measure of E. Of course by proper choice of ¢ and 
6 the right hand member of this inequality may be made less than any pre- 
assigned positive number. Hence, in view of Hypothesis (b), it follows 
that Lim,.. Dleirin’€in exists and is equal to Lim,2. Lisi Tin€in- 

Osgood’s Theoremt is as follows: 

Osgood’s Theorem. Let 


a, + a2 + s+ b+ ay (A) 


be a sum of infinitesimals and let a; differ uniformly by an infinitesimal of 
higher order than Ax; from the summand f(x,)Ax; of the definite integral 


{ ” p(a)dr (B) 


of the function f(x), this function being continuous throughout the interval 
a<a<b. Then the sum (A) approaches a limit when n= %, and the 


value of this limit is the definite integral (B): 


Lim > a, = f sa)ae. 


n=« t=1 
° Tin i8 said to correspond to Ein if t; = t. 
+ W. H. Young, Lond. Math. Soc. Proe., Ser. 2, vol. II, p. 25. 
t Loc. cit., page 173. 
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With regard to ease of application, Theorem 2 has an advantage over 
Osgood’s Theorem in that it is not necessary in applying Theorem 2 to 
prove that Lim, .(?in’ — rin) = 0 uniformly.* 

An Application.—Let us consider a problem to which Osgood appliest his 
Theorem, the problem of finding the attraction of a material body on a 
particle lying without it. Following Osgood, let the codrdinates of the 
particle P be (a, b, c), let its mass be m, let V be the volume of the material 
body E and let X be the component along OX of the attraction which the 
body E exerts on the particle P. Divide the body EF into n small pieces F;,, 
E>,, «++, Enn of Volumes AV1,, AVon, «++, AVann, respectively, where as n = 2% 
the maximum diameter of £,, approaches 0 as a limit. Witht Osgood 
“Let pin’, Yin’, ain’ denote respectively the maximum values of the density 
p in E;,, the distance y from (a, b, c) to a point of £;,, and the angle a which 
a ray drawn from (a, b, c) to a point of £;, makes with the positive axis of z; 
and let pin’, Yin’, Qin’ denote respectively the minimum values of these func- 
tions.” Osgood derives the double inequality: § 


mpin' AV; , , mp" AV; 
k a 9 ” cos Qin’ < AX in < k 72 “COs teas (4) 


Vin Yin 
where k is a constant of proportionality. 

From this point I would proceed as follows: 

Let (4)’ designate the double inequality obtained by dividing (4) by 
AV». If P is any point of FE then as n = ~ all points of F;,,.. approach P 
asa limit. Hence, since p, y and cos a are continuous functions of (2, y, 2) 
and y is‘never 0 in E by hypothesis, therefore 


eS ee 
1 kMpip,n’ COS Q; pn ; 
~~~," ania ia ——— oe oe 


, 2 
n=-* Yipyn 1=% Yipyn r=« Vipan 


3 wee , a . 
h MPi pn” COS Qi pan k MPi yn COS Qi pan 


where 9;,,.n, COS Qi,,.n) Yip,n apply to any arbitrarily chosen point of F 
Hence, from (4)’, 


1 py_h 


AX inn KM; ,,.n COS Qi p.m 


Lim ,,- = Lim ; ; 
r=sZ Al , 


< 
ipyn u=n 7: Pn™ 


Clearly the left hand member and the right hand member of (4)’ are bounded. 
Hence the middle term, AX;,/AVin, is bounded. It follows, then, from 





* Cf. uniformity condition in Osgood’s Hypothesis. 

t Loe. cit., pp. 166-169 and 174-175. 

¢ Except for double subscripts and other slight changes. 
§ Loc. cit., page 168, double inequality (4). 
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Theorem 2, that 
. . r : . kmp; COS a; 
Lim os AX re Lim > a ss AV in, 


: > ~ 
n=a i=l assem {(=1 Yin 
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Compare this argument with Osgood’s argument on page 174, loc. cit. 
In this problem if the density p should be discontinuous at a set of 
points £y of measure 0 (and continuous elsewhere throughout £) then in the 
above argument merely stipulate that the point P shall not belong to EZ. 
Further Remarks.—The remarks in this section apply to those cases in 
which as n = ce the distance between each pair of points that belong to 
the same £;, approaches 0, F is a closed set of points and for each value : 
of n each point of £ belongs to some E£;,. ‘ 









which is equal to 









I wish to discuss three conditions which I will call A, B and C. 
A: If P is any point of F then 










: , ms dail & * 
Lim (Tipan’ — Tipan) = 0 a 


i= 





B: Lim (i pun’ — Tipyn) = O uniformly as to 7. 


n= 


(: If P is any point of E then Lim (r;,’ — r;,.) = 0 for all such modes 


of variation of i with n that, asn + 2%, some point of £,, approaches* P as 
its limit. 

Let A’ and C’ denote the conditions obtained by substituting E — Eo 
for E in conditions A and C respectively, where E, is a sub-set of E of meas- 
ure 0. 

As has been stated, A is less exacting than B, which corresponds to 
Osgood’s uniformity condition. It may be easily seen however that B is 
equivalent to C. It is of interest, then, to ascertain whether A’ (which I 
use in Theorem 2) is as exacting as C’ which is a condition obtained by 
weakening (an equivalent of) the uniformity condition B by exempting a set 
of points (P) of measure 0 from its jurisdiction. The following independence 
example shows that A’ is less exacting than even C’. 
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* If the word “is” is substituted here for the word “ approaches ” then C becomes identical 
with A. In, for instance, the above problem in mechanics where the density is a continuous 
function of (2, y, 2), A and C could be verified with equal or almost equal facility. But C is 
equivalent to B which corresponds to Osgood’s uniformity condition. These facts are to be con- j 
sidered if one compares Osgood’s theorem and mine with regard to ease of application in those i 

Pe 








cases where no discontinuities enter. 
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Independence Example.—Assume that the rational points of the interval 
(0, 1) have, by some scheme, been brought into a one-to-one correspondence 
with the set of all positive integers. Let ¢, denote that rational number 
which, according to this scheme, corresponds to the positive integer k. 
Divide the interval (0, 1) into n equal sub-intervals £;, by the points z,, 
where? = 1---n. Let7;,’ = 1, only when n = 2‘ where £ is such a positive 
integer that %-1)n < t& < Xn. In all other cases let r,,’ = 0. Lerr;, = 0 
for all values of n andi. Then it may be shown that if P is any point in 
(0, 1) then in every neighborhood of P there is an interval £;,,,, such that 
Tin,’ — Tin, = O and, at the same time, another interval £;,,,’ such that 
Tiny — Tin, = 1. Thus condition C is satisfied with respect to no point 
whatsoever of the interval (0,1). On the other hand condition A’ is satisfied 
with respect to every point of that interval. 
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ON LINEAR EQUATIONS WITH AN INFINITE NUMBER OF 
VARIABLES. 


By Maxime BOcHER ANp Louis BRAND. 


I. Schmidt’s treatment of a system of linear equations with an infinite 
number of variables* is of such essential simplicity and importance that it 
seems destined to become classical. The original memoir, however, owing 
to its condensation and to the rather abstract form which it has in parts is 
not entirely easy reading for the beginner, and Kowalewski’s presentation,+ 
while attractive in some respects, is extremely long and so arranged that 
unless one reads the whole it is almost impossible to get at the essential 
results. ; 

The following treatment, which so far as it goes is complete in itself, 
is a modification of those heretofore given. Its characteristic features are, 
on the one hand, that it avoids altogether the process of normaliza- 
tion which plays such an essential and often repeated rdéle in the earlier 
treatments; and, on the other hand, that it deals first with the case of a 
finite number of equations involving an infinite number of variables and 
regards the case of an infinite number of equations as a limit. 

For the sake of clearness, though this is not logically necessary, the 
algebraic case of a finite number of variables is taken up first. 

1. Complex Quantities with / Components. The real and complex 
quantities of ordinary algebra shall be termed scalars in distinction to the 
higher complex quantities, (a), a2, ---, a), Which are aggregates of / scalars 
—the components of the complex quantity—taken in a definite order. Such 
complex quantities will be denoted by Greek letters. That complex quantity 
whose components are all zero shall be denoted by 0. Two complex 
quantities, 

a = (Qj, Q2,---, a), B= (by, be, Fae » bx), 


are said to be equal when and only when a; = },(i = 1, 2, ---, 4). 
define the sum of @ and 8 by 


at B = (a, + by, a2 + be, +++, ax + dx); 


and the product of a by ascalar, p, by 


pa = ap = (padi, paz, +++, pax). 


* Rendiconti del Circolo Matematico di Palermo, vol. 25 (1908), pp. 56-77. 
{ Einfiihrung in die Determinantentheorie (Veit: Leipzig, 1909), pp. 407-459. 
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The n complex quantities, a1, a2, «+++ , @, are said to be linearly dependent 
if there exist n scalars, ¢1, @, «++ , Cn, not all zero, such that 


C10; + Coa + +++ + Cran = 0. 


In view of the definition of the complex quantity 0 this is equivalent to 
saying that a1, a2, -+-, a, are linearly dependent when and only when the 
n sets of k scalars each forming their components are linearly dependent. 
Any k + 1 complex quantities having / components are therefore linearly 
dependent.* When less than / complex quantities are given, there are 
always others linearly independent of them. 

We also consider the inner product, or simply product, of two complex 
quantities a and 8, defined to be the scalar 


ag > a,b; — Aobo a re + ayb,. 
We note that a8 may vanish when a + 0, 8 + 0. From this definition 
it is clear that the commutative and distributive laws, 
a8 = Ba, a(3 + y) = a8 + ay, 
and the associative law in the case of multiplication by a scalar p, 
plas) = (pa)s = alps), 
all hold good. The associative law, in the case of the product of three or 
more complex quantities, is not true. Thus aSy is meaningless unless 
either (a8)y or a(By) is specified. 
A dash above a scalar shall denote, as usual, its conjugate imaginary 
scalar; and we shall extend this notation by writing 
Q@ = (, ao, +++, a). 
Then 
as = ap. 
By the norm of the complex quantity a is understood the sealar 


9 


norm @ = aa@ = 44, + aig +--+ aay = Qt att eee + aK, 
which is always real. Clearly norm a = norm &@ Norm a is 0 when 
and only when a = 0, and is otherwise positive. 
2. Homogeneous Linear Algebraic Equations. Consider now a system 
of n homogeneous equations in k unknowns 
f Ayr, + Ayr. - +--+ + aya, 0 


AnyX) + Ag%, + +--+ + ayr, = 0 





L 11T, + Aje%e + --- + Aunty 





* See, for example, Bécher’s Higher Algebra, § 13. 
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We may regard the coefficients of each of these equations as the components 
of a complex quantity: 
Qazi= (da, 1 9, oo) Aix) i= 1, 2, ssn), 


and also the z’s as the components of the complex quantity 
E& = (2X1, Xo, +++, Xe). 

Our system of equations may then be written 

(1) at = 0, at = 0, ---, ang = 0. 


TuroreM 1. Jf & satisfies equations (1) and is linearly dependent upon 
Qi, Ge, ***, An, then & = 0. 
For suppose that a _ 
£ = Cia + Coe + +++ + Cnn. 
Then multiplying equations (1) by G4, &, ---, @, respectively and adding we 
get 
(Gia, + Gay + +--+ + Z,a,)E = EE = 0. 


Hence £ = 0, as was to be proved. 
Coro.uary. If & satisfies the equations 
amt = 0, at = 0, ---, ant = 0 
and is linearly dependent upon a, a, ---, a, then & = 0. 
We are now in position to obtain a criterion for the linear dependence of 
n complex quantities. If ai, a2, ---+, a, are linearly dependent, 


C1Q,; + Ga, + --+ + Cra, = 0, 


where not all the c’s are zero. Multiplying this relation in succession by 
Q}, Q@, ***, Qn, We Obtain the n equations 


C1010; a CoQ2Q ; aa ,o* — Cn Qin j = ( (2 = 1, » 9 7%, n). 


In this system of homogeneous, linear equations in ¢, ¢2, «++, Cn the c’s are 
not all zero and hence the determinant of the system must vanish. We 
call this determinant, which it should be noticed is a real scalar, the Gramian 
Of a1, a, +++, a and denote it by G (ai, a2, +++, @n). Thus 


QQ) 


G(ay, Gla, °° %y Qn) = 








AnQ) AnQ2 


The relation G = 0 is therefore a necessary condition for linear dependence. 
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It is also sufficient. For suppose that G = 0; then the n sets of scalars 
forming the rows of the Gramian are linearly dependent, and we have 


ai(C) i+ Ca + ++: + Cran) = (0) (2 = 5. 2, tee, n), 


where not all of the c’s vanish. We now infer from the Corollary of Theorem 


1 that 
CiQ + C2Q2 + 0 + C,Q,n = 0, 


which establishes the linear dependence of a, a2, ---, @,. We have thus 


proved 
THEOREM 2. A _ necessary and sufficient condition that the complex 


quantities a1, a2, ++, a, be linearly dependent is that their Gramian vanish.* 
We turn now to the solution of the system (1), assuming that these 

equations are linearly independent, so that G (a1, a2, +--+, a.) +0. Every 

complex quantity, and therefore every solution £ of (1), can be written in 

the form 

(3) f= (a, + Ga, + eon + Cran + 7 


where 7 is some complex quantity. In order that this be a solution of (1), 
the scalars c; must satisfy the n relations 


C Cay; -- C2002 -- oes a+ CrQ1Qn. == ain 
| 

(4) 1 
= + 20 nQ2 + a la + CrOnQn == nN. 


Solving these equations for the c’s and substituting in (3), we have 


Qa\Qy OAs a Aan, Qn 


Any Onde ei AnAn 

(5) = 1 a = “++ Qn 
F(t, Qe, ***, Ay) 

Every solution of (1) can therefore be expressed in this form. That, con- 
versely, no matter what the complex quantity 7 may be, the expression (5) 
always gives a solution of (1) is seen at once by direct substitution; for 
if we form the product a,é; by multiplying the last row of the determinant 
in the numerator by a;, this row becomes identical with the ith row. 





i . : 
We note in passing that a1, a2, ---,a, are connected by the same linear relation that connects 
the rows of their Gramian, written as above. 
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THEeoREM 3. If the equations 
amt = 0, at = 0, -- ‘+, ant = 0, 


are linearly independent, their general solution is given by (5), where y is an 
arbitrary complex quantity. 

When £ vanishes, we see from (3) that 7 is linearly dependent upon a, 
Gs, «*+, @n Conversely, if 7 is linearly dependent upon a, a, ---, &, the 
sume is true of &, and hence, by Theorem 1, & = 0. Now to two 7’s 
correspond two &’s whose difference is precisely that solution of (1) which 
corresponds to the difference between the 7's. Consequently two different 
7's yield the same £ when and only when their difference is linearly de- 
pendent upon @, Q2, +++, Qn 

If n > k& the equations (1) are necessarily linearly dependent, so that 
Theorem 3 does not apply to this case. If n = k every 7 is linearly de- 
pendent on the a’s, so that in this case, as is well known, equations (1) have 
only the trivial solution zero. If n < k we can find k — n complex quan- 


tities Qnsi, @ng2, ***, @ Such that ay, a, ---, a are linearly independent. 
Then every 7 may be written as Cha; + Coa. + --- + C.a,.; but asa change 
in 7 by a quantity linearly dependent upon aj, a, ---, @, does not affect 


formula (5), we lose nothing in generality if we assume 7 of the form 
7 = CasiQngi + °°° + Cran. 


Thus the solution (5) contains, as it should, & — n arbitrary scalars, Cy.1, 
, (,, and contains them linearly and homogeneously. 
A formula for the norm of & is readily found. From (3): 

iD norm & = Cayé; + +++ + Chand: + fi = nh. 

If we form the product & from (5) by multiplying the last row of the deter- 


minant in the numerator by 7, it is clear that 


(7(a1, a, *, Qn, 1) 


(7) norm £; = 


(ra, oe. ** *s Qn) 


We proceed to use this relation to establish an important property of 
Gramians. In (7) ai, a2, «++, an, may be regarded as n+1 arbitrary com- 
plex quantities; we will assume that they are linearly independent. Then 
7 is clearly not a linear combination of &, @, °++, Qn, so that & + 0 and 
norm £ > 0. Moreover this assumption entails that none of ai, a2, ---, 
«,, 7 Vanish, and hence the Gramian of any one, e. g., @ (a1) = aia, is real 
and positive. Hence by giving to n in (7) in succession the values 1, 2, ---, 
we establish by mathematical induction 

THeoreM 4. The Gramian of any number of linearly independent complex 
quantities is real and positive. 


fine evatty . a0) re vw 


= eS 
itch ie ne gare 








oo 
Sietitierow 


_— - 


Ee) TAREE a PPE Oe Se oe 
























= 





172 MAXIME BOCHER AND LOUIS BRAND. 


3. Non-Homogeneous Linear Algebraic Equations. We come now to 
the system of non-homogeneous equations 


(8) ag — bi, ag at bo, ai ang = bn, 


where we again assume that ai, a2, ---, a are linearly independent, and 
try to find a solution of the form 


(9) fo = cia, + Ga. + ess + Collins 


Substituting this in (8), we obtain n linear equations, which may be obtained 
from equations (4) by replacing their right hand members by },, bo, ---, b, 
respectively. These can, as above, be solved for the c’s by Cramer’s rule, 
and the results substituted in (9). This gives 


a ay) ay ae ss aan = b, 
anQ\ An 2 iets AnAn b, 


Q @ <"'* a 0 


(10) 





(7(a), Q2, +++, An) 


That this is really a solution of (8) we see by direct substitution. For if 
we form the product a;f, the last row of the determinant in the numerator 


becomes 
G@j{}, A,A2, ***, AiAn, 0; 


and, when the 7th row is subtracted from this, it appears that 
as, = 6,G,G = b,. 
We have thus proved 
THEOREM 5. If a1, a2, +--+, a, are linearly independent, the equations 
(8) have one and only one solution of the form (9), and this is given by (10). 
The general solution of (8) is of course obtained by adding to the par- 
ticular solution (10) the general solution (5) of the homogeneous equations 


(1); it is therefore 
a}Qy A) Ao em O1An aan ecg b, 


Gn, An. *** AnQn ann — bn 
(11) E = bet & =~ " 
T(t, Oa, ***, On) 
The solution (10) of (8), which is characterized by being the only solution 
of (8) which is linearly dependent upon the @’s, shall be called the principal 


solution of (8). It has also another characteristic property which may 
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Path enh irr 





be deduced as follows. From (11) we see that 
bE = (fo + £1) (Eo + &:) = bobo + bobs + Biko + Ski: 


and from (9) 


fof) = C08) + Code + iia + CrOnky = 0, 


remembering that £ is a solution of equations (1). Consequently ££ = 0, 
and 
(12) norm — = norm £ + norm &, ' 


so that 














Fh STARE OM ERE POE, te 


norm £ 2 norm £o, ibe 


the equality sign holding only when £, = 0, in which case § = & Thus we 


have ¢ 
THEOREM 6. Among the solutions of (8) no other has so small a norm 
as the principal solution. $) 
To obtain a formula for norm £ we multiply the last row of the deter- 3 
minant in the numerator of (10) by & and simplify by use of the equations, ft 
at) = b,; thus* a 
aay QQ all Q1Q, b, 


On Q nO andl Ci nXy by 45 

P b, by ss b,, 0 hy 
(15) norm { = — ’ ‘ . fy 
(7(ay, G2, ***, An) BS 

¥ 

Norm £ is now given by (12). 4 
. . . . Sa 

4. System of a Finite Number of Linear Equations in an Infinite Num- whe 

; 2 . #* 

ber of Variables. We now consider a system of n equations u 
f 


a0) 4- A to +: = 0 (7 = A, 2, ae n), 





(14) 









where the number of unknowns 2, 22, --- is infinite. For this purpose we ry 
use complex quantities with an infinite number of components. If a = 
(1), 2, +++) is such a complex quantity, we consider the series | a; |? + | @ | 
+--+, If this series is convergent, we say that the complex quantity 
has a finite norm and define 


Spt 
rhs ae 


om a ey Fee 
aE 2” gutein 





norm a = a,7+ :@*7+:::, @ = Vnorm a. 






ee PT tT 
aed 


* If not all of the b’s vanish, it is clear from equations (8) that £o + (0, and hence norm { > 0. 
sy means of (13) we may now prove at once the following 
Turonem. If the Gramian of linearly independent complex quantities is bordered by scalars that 


do not all vanish so as to form a determinant of the type of that in (13), this bordered Gramian 1s i 
negahi 


a es 
ncaa 


e. 
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The sum of a = (a, @, ---) and 8 = (b;, b, ---), and the product of a 
by a scalar p are defined as 
atB=(qat+h,a@+b,--:), pa = ap = (pa, pds, ---). 
The product a8 we define by the formula 
a8 = ab; + abe + 


whenever this series converges. When a@ and 8 have finite norms their 
product a3 always exists, as then the series in question is absolutely con- 
vergent. For writing 


a, = (;4,',,d2,,°°° : |) De (bri, | be! +++, | be) 


we have from Theorems 2 and 4 


Gia, 3) 


Hence, as a; = a and 3, = 2:, 
(a,.3;)° < norm a-norm 3 


ayb; + i a apd, < me B\. 


Since this holds for all values of 4, the absolute convergence of our series 
is established. 

The distributive law, a(3 + y) = a3 + ay, evidently holds when a3 and 
ay have meanings. Thus, in particular, if @ and 3 have finite norms, we 
have 

norm (a + 8) = (a + 8)(a + 8) = aa + Ba + aB + BB, 


so that if two complex quantities have finite norms their sum also has a 
finite norm. It is also obviously true that if a complex quantity has : 
finite norm it will still have a finite norm after being multiplied by a scalar. 
From these two facts we readily infer that if a number of complex quantities 
have finite norms any complex quantity linearly dependent upon them also 
has a finite norm. 

Using the n + 1 complex quantities 


a; = (Ay, Ay, ---) (2 = 1,2, ---, 7); 
gE = (21, Xe, . ea | 


the equations (14) may be written 
(15) af = 0, +--+, ang = 0. 


We place upon the coefficients a; the restriction that they have finite norms. 
Then é is to be so determined that the series a¢ all converge to the value 
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zero. If & has a finite norm the series a necessarily converge, but this 
may also be the case when é has an infinite norm. 

TueoreM 7. If & satisfies the equations (15) and is linearly dependent 
ON Gy, Qe, ***, An, then — = 0. 

The proof is exactly that of Theorem 1. We shall define the Gramian 
of a set of complex quantities of finite norm precisely as was done in § 2. 

THEOREM 8. A necessary and sufficient condition that n complex quantities 
of finite norm be linearly dependent is that their Gramian vanish. 

The proof is precisely that of Theorem 2. 

THEOREM 9. If equations (15) are linearly independent, their general solu- 
tion is given by formula (5), where n is any complex quantity such that the 
products G1], Q27, +++, Ann all exist. 

The proof is practically identical with that of Theorem 3. In order that 
the solution £; have a finite norm it is necessary and sufficient, as we see 
from (3), that » have a finite norm. 

Here, as in §2, it is clear that two 7's lead to the same solution £ when 
and only when their difference is linearly dependent upon aj, a, «++, &. 

The requirement that » be so chosen that ain, a7, «++, ann all exist 
will be fulfilled when 7 has a finite norm. It will, however, be fulfilled in 
many other cases. For example, denoting the components of a; by aa, 
a», +++, if all the a,;’s are positive and a,; constantly decreases and ap- 
proaches zero with increasing j, we may take for 7 the complex quantity 

+1,—1, +1, — 1, ---) whose norm is infinite 

Whenever £, has a finite norm, 7. e., whenever this is true of n, its norm 
is given by formula (7). As in §2 this formula may be now used to establish 

THEOREM 10. The Gramian of any number of linearly independent com- 
plex quantities of finite norm is real and positive. 

We now pass to the non-homogeneous equations: 


(16) ak = bi, QE = bo, a Ang = b,, 


the coefficients a; again being assumed to have finite norms. 
THEoREM 11. Jf a, a, ---, a, are linearly independent, the equations 
1) have one and only one solution linearly dependent upon da, G2, +++, &n, and 
this solution is given by formula (10). 

The proof is precisely that of Theorem 5. The solution in question is 
termed the principal solution. The general solution of (16) is given by 
formula (11), where 7 is any complex quantity whose products with a, 
Q2, +++, @, Xist. 

THEOREM 12. Among the solutions of (16) no other has so small a norm 
as the principal solution, - 

The principal solution, being a linear combination of a, a2, ++, Qn, 


a tne oe 


| SER RTS FPSO Sk Gare 
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has a finite norm. This is also true of the general solution, § = & + &, 
when and only when £ has a finite norm. From here on the proof is just 
like that of Theorem 6. 

The norm of & is given by formula (13).* 

5. Some Theorems on the Limits of Complex Quantities. We proceed 
to establish some properties, which will be important for us, of complex 
quantities with an infinite number of components.f 

If a and @ have finite norms, we have from Theorems 8 and 10 


aa ap 


Gla, 8) =|- - =|a\*|B/?—l|ap/?20, 


Ba Bo 
whence 
(17) lab! S|a|! Bl. 
Again, if y = a+ 8, we have, using (17) and remembering that 
|a| = |e, 


ly ?= (a+ 8) (a+ 8) =aata8+ Bat 68 < lal?+2\a/|/8)/4+!B2, 
We next lay down the following 
DEFINITIONS. If an = (Gn1, Qn2, +++), @ = (GQ), G2, --+), we say that a, 
converges to a as n becomes infinite when 
lim a,; = a; 


r= 


and write 
lima, = a. 


r=2 


We say that a, has strong convergence toward a when, for all values of n 
greater than a certain number, a — a, has a finite norm, and 


lim a-—-a, =0, 


r=. 


and write, using Schmidt's notation, 


lim a, = a. 
r= 
Strong convergence implies convergence. For if lim,.. | a — an| = 9, 
there exists, for every positive e, an integer N such that 


(19) z. a; — Ani \ < é, n > N, 
i=l 


* The theorem regarding bordered Gramians, stated in the footnote to formula (13), may 
now be generalized so as to apply to the Gramians of complex quantities with finite norms. 
t Due to E. Schmidt, 1. ¢., §§ 1-4. See also Kowalewski, |. ¢., § 165. 





so that 
(20) |@;— Qni| <e, 
or 


lim a,; = a; 


If lim,.. @n = a and a, has a finite norm when n is greater than a certain 
number, then @ will have a finite norm. For (19) states that when n > N, 
a — a, has a finite norm; consequently the sum of a, and a — a, has a 
finite norm. 

Again, if lim,..an = a, lim,..8, = 8, then 
(21) lim(a, + Bn) = a + 8B; 


a= 


for we have seen that when n > N, a — a, and 8 — 8, have finite norms, and 
hence from (18) we have 


lat B—a,—B,.| S$ |a—an|+!8—8B,|. 


Furthermore if a,, 8, have finite norms when n > N, so that a, 8 have finite 
norms, 


(22) lim a,8, = a3; 

for when n > N, we have, using (17) and (18), 

a3 — AnBn! = | (a — an)B + (8B — Bala — (a — an)(B — 8B) | 
S}a—an|!8)+/8 — Billa] +|a—an||8 — Bn. 

Important special cases of (22) are 


(23) lim a,8 = a8; 


a= 


(24) lim norm a, = norm a. 


THEOREM 13. A necessary and sufficient condition that lim,-. a» exist ts 
that, when n and m are any integers greater than a certain number, an — Am 
have a finite norm, and that to every positive € there correspond an integer N 
such that 
(25) lan — Qm' <6 mn>WN. 


‘ 


The condition is necessary; for if lim,-. @ = @, | @ — an| < de when 


> \V. Hence when m, n > N 


* We say that a, converges uniformly toward a when for every positive € there exists an N 


such that (20) is true. It is clegr from the above that strong convergence implies uniform con- 
vergence, and uniform convergence implies convergence; but these implic ations do not hold in the 
reverse ole “A 
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=l|a,-ata-—anm, S (a — ait ji aman <e. 

To show the sufficiency of the condition we first observe that if (25) 
holds, 
m,n>wN, 


and hence 
| ik 


This shows that lim, _,a,. exists: denote it by a... Then : 


] 
lim > an. — a, 
As this holds for every p, we have 
Og a, 


or, upon Writing a = (ay, ds, 


lim a— Am 


r 


as we wished to prove. 
CorOLLARY. When condition (25) is fulfilled and a, is always of finite 
norm, a is also of finite norm, 


DEFINITION. The infinite serics of complex quantities a, + a, + +++ Is 


said to converge strongly to a complex quantity ¢ when o, converges strongly to 
o, where o, =a, +--+ tap. 


From Theorem 13 we see that a necessary and sufficient condition for 
the strong convergence of the above series is that after a certain point the 
terms of the series all have finite norms and that, to every positive e, there 
correspond an integer .V such that 


or ~ . 
(26) On — Om | = | Amsi T Ama2 tT *** $+ ani < €, m n> N 


i if a 
— oon = r‘y’ ")? e ep 
P. DEFINITION. Toro complex quantities a, 3, are said to be orthogonal tf 
Qa, and hence also a’, is Zero. 


If the a’s have finite norms and are mutually orthogonal, we may, by 
squaring (26), readily reduce it to the form 


, 2 2 | 2 : 
QAm+1 + Am-+2 — Co ae Qn \- < €, 


This being precisely a necessary and sufficient condition that the series 
,@ “+ a * + +++ converge, we have proved 
PHeoreM 14. A series of mutually orthogonal complex quantities of 


Fe OR SAIS SBIR Nig 





nae, Se Tae 


ie: Ease raat 


SASSER BPREENR 


AT Gat Si aaa Heh 
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finite norm is strongly convergent when and only when the series of their norms 


CONTETYE a” 


Furthermore as (¢,.7 = ;@, 7+ a: 7+ +++ +. @, 2, we infer from (24) 
the 

CoroLiary. Tf the conditions of Theorem 14 are fulfilled, the norm of the 
Series US equal lo the series of the norms of the terms. 

6. System of an Infinite Number of Linear Equations in an Infinite 
Number of Variables. We are now in position to consider the infinite sys- 
tem of homogeneous equations in an infinite number of variables 


yaa 


-é ays = (), es = (), nee 


\W here 


= Le te 2% ay 


s 


We assume that all the coefficients a, have finite norms and none of them 
are linearly dependent. The general solution, &,°, of the first n of these 
equations is given by formula (5) 


ajay Q)}a> owe Q1A, Q\ 
Qn,Q, A,Q» QA, AN 
— ~ —— Qy GQ. ott a, 7 
28 " = dc. a, +7 = — 
i=3 (1\ a1, Qe, re, ns 
Here (ey, '™, +++, ¢,') is a solution of equations (4). 
We wish to show that & converges strongly to a limit as n = &; 


and to this end we proceed to throw it into the form 


t en er Sh ee BA) ee sw he CEL cee CAD) 
<1 —= <1 | Lee 24 1 “y \e sl . 
If we write 
of) — ef) = 2, (¢ = 1,2, ---,a— 1), 
» (n) 
( = fn. ’ 


and subtract from the first 2 — 1 equations (4) the similar equations satisfied 


by (ey) eee ey"), we find that the z's satisfy the n — 1 homogeneous 


equations 


bo a n) | | ee. Oe) _ 
ayayz,\"” + Q)Q222 — eo “| «pawn = () 


send a ) a a = 
On 10424" FA y—10222 Fs FF An-1An2n 0. 


* The proof above establishes the more general theorem in which the condition of orthogo- 
nality is replaced by the condition a,@; + a,a = 0 or real part of a; &;) = 0 when t +7, t,j = I, 
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Moreover we have 


(a) <., gfe) = 2,\" Qy + 22'"' a» — eee a Zn An (n = > 3, ro -), 


1 
Solving the homogeneous equations for the 2’s and substituting in the last 
equation, we have 
(n—1) — 


(29) i”? — £, =—_= Kigns 
where /,, is an undetermined sealar and 


ayay a) a2 


An-1Q] Cy 
Q 
Multiplying both sides of (29) by a, and using (28), we find — H, Gy 
= k,G,, where, for brevity, we have written 


QQ QA eee Q1An-] ay, 


Qen—-10 GQn-100 °°° Qn-1@a-1 Qn~17 


A, AQ An A eve CingGin% Qn 


G,, = Gay, 


+5 Giats 


Therefore 
ii. 


a ¢ sd 
Ra? 


and as &') = 9 — (ain aja;)aQ;, We have, if we set ¢; = a, Gy) = 1, Hy = a, 


: a 
(30) = ~hee Ge 


If n, and hence &,™', has a finite norm, we see from (6) that norm £™ 
= f,'™. Assuming, then, that this is the case, we have, since ¢,n =H,, 


y 1a 
(31) norm £°" = a - 
1 — '  * 
; in, 
The series of positive or zero terms 


= | H,/? 


’ ’ 
n=l «85 


(32) 


is therefore convergent for every 7 of finite norm since the sum of its first 
m terms is by (31) not greater than 7 °. 

We next note that the terms of the series of complex quantities of finite 
norm 


SSN ET RRR PIII A 


i 
H 
‘ 
5 
k 
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— H, 


(33) ’ .¢ 
1 G,AG, ia 


" 


are mutually orthogonal; for as 


¢.a, = 0 ; 2,°°:,n— 1), 
we have 

¢n¢m = 0, m<n, 
By Theorem (14) the series (33) will converge strongly if the series of the 
norms of its terms converges. If we use the relation 


= ' ’ ’ 
Cnn = CnQnGn-1 = G,.Gy-1, 


this series of norms proves to be precisely (32), which we have just shown 
to be convergent when 7 is of finite norm. Hence series (33) converges 
“trongly when 7 has a finite norm, as does likewise the series 


» = 
‘ . . + - NEN 
(34) 1 = lim ieee , Cn =H}— = 
n=1 Pn¥n 


m s 


En: 


£; is a solution of equations (27) having a finite norm. For consider any 


one of these equations, say a,é = 0; since 


(m=k,k +1, ---), 
we have from (23) 
lim (aif'™) = ard, = 0. 


m s 


e 


That & is of finite norm follows from the fact that &'” is always of finite 
norm and converges strongly towards &. 

Conversely, if &; is any solution of equations (27), we may obtain it by 
letting 7 = & in the formula (34), for then all the terms after the first 
vanish. Thus we have proved 

THeoremM 15. Jf » is a complex quantity of finite norm, &", given by 
formula (28), approaches a limiting complex quantity of finite norm as n 
becomes infinite, and this limit, &, is a solution of the equations (27). 

Conversely, every solution of (27), whether of finite norm or not, can be 
obtained by properly choosing in (34). 

From formulas (24) and (31) we have 

= |H, |? 


y Y 
m=1 GypAGn 


(39) norm £, = lim norm &\") = 7° 
whenever 7 is of finite norm. Referring to (7), we see that this may also be 
Written as 

(r( a4, ie, *° *5 Ans n) 


(36 norm £, = lim -_, 
- n=s (ray, a * * *s Qn) 
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We turn now to the non-homogeneous equations 


(37) me =b, at = by, +++, 


where we again assume that all the coefficients a; have finite norms and 
none of them are linearly dependent. The principal solution of the first 
n of these equations, which we will denote by £‘”, is given by formula (10) 


QQ) Q)QA2 em QAliAn —b, 


Q,QA, A,Q2 9) Any —b,, 


0 


nn 
ee a aor a Q2 anes Qn 
(38) i = Dea; = 
—s G Ch, Ce, * * ~*~» Gal 
Here (¢;)\, ¢2'", +++, ¢,() is a solution of the equations obtained from (4) 
by replacing their right-hand members, — ay, — a7, +++, — ann by 
b;, bs, «++, b, respectively. A consideration of the process by which &“” — 
£,°"--)) was obtained shows that we may obtain &'") — &"~") from this ex- 
pression by replacing — aij, — aon, «--, — ann by bi, be, «++, b, respectively ; 
consequently in place of — H, we must now introduce the determinant 
aay O1Q2 gigi ae QQ = | b, 
00} QoQ sill i Q2Qn—1 b, 


B,=b, B,= ; ; ; ; ; ; (n = 2, 3, --: 


A, Ae “s Q;,Qn—1 b,, 
and we obtain 


As 


(39) 


We are thus led to consider the series 


. B, 


’ ' En 
n=1 GAG, 


(40) 


whose terms are mutually orthogonal complex quantities of finite norm— 
as we know from the previously established properties of ¢,.. By Theorem 
14 this series will be strongly convergent when and only when the series of 
the norms of its terms 
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— | B, |? 


’ ’ 
n=1 GraG, 





(41) 







converges. Thus when series (41) converges we have 







; -=— B : 
(42) £ = lim £y'™) — > ’ . y Gn 
n=1 GAG, ’ 








m=vr 





and an argument similar to that which follows (34) shows that & is a 
solution of equations (37) having a finite norm. Now if equations (37) 
have any solution, £ of finite norm, then, as &'™ is the solution of least 
norm of the first m of these equations, 














” ll 


norm &'™” norm &€; 






and since norm &'™ proves to be precisely the sum of the first m terms of 

(41), the convergence of this series is established. Thus we have proved 
THEOREM 16. A necessary and sufficient condition that equations (37) ; 

have a solution of finite norm is that the series (41) converge. When this is 

the case, &'", given by formula (38), approaches strongly a limiting complex 

quantity of finite norm as n becomes infinite, and this limit, &, is a solution of 








the equations. 
é) is termed the principal solution of (37). We may form the general iy 
solution by adding to the particular solution & the general solution & of 


equations (27): 











QiQ; QiQ@2 *** QiQn QA) — b, r 















Q,Q\ A, Q2 i ds Anan Qn) — b, i 











_ — —- — i 








li Qa) Qe AP Qn n ; 
(4: . = & = hm ’ te 
13) s so + sl : Gas, Qa, °°", Qn) 
i= 4 

From the Corollary to Theorem 14 we have f 

- : B,, 2 # 

norm So = > ’ G , he 

n=l Ga-1 In y 

or, referring to (13), _ 7 a 

ay)ay Q)Q2 Pee QAiAn by b 













On Q) An Q2 ai AnAn b, 


, iy bo adi b, 0 
(44) norm ~) = lim — —— hee, Gus ***> Gad 


ri=* 
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If ¢; has a finite norm, the same is true of £, and 


norm € = norm £ + norm &), 


for from (38) ££, = 0, so that upon applying (23), fo& = && = 0. 
sequently 
norm £ 2 norm £ 

the sign of equality holding only when ¢, = 0, in which case & = & Thus 
we have proved 

THEOREM 17. Among the solutions of (37) no other has so small a norm 
as the principal solution. 

7. Some further facts.—The general solution & of the homogeneous 
equations (27) is a function of the complex parameter 7 

£, = ¥(»). 

A glance at (28) shows us at once that y is, in an extended sense, a 
linear function; that is 

THEOREM 18. If 7’, 7”, ---, 1 * are complex quantities with finite norms 
and ¢;, --+, c, are scalars, then 

Wien’ +--+ ten) = ein’) +--+ +ed(n*). 

A further important fact is that Y has strong continuity for every value 
of » with finite norm; that is 

THEOREM 19. If n’ has a finite norm, then as n approaches n’ strongly, 
¥(n) approaches ¥(n’) strongly. 

To prove this, we derive from Theorem 18 and from (35) the relation 


"af 


norm [¥(n’) — ¥(n)] = norm y(n’ — n) < norm (n’ — n), 
from which our theorem follows at once. 

Let us now denote the components of » by y:, y2, ----, and the com- 
plex quantity whose first n components are y,, ---, y, While all its sub- 
sequent components are zero by 7,. Then, if 7 is of finite norm, 

(45) lim "in = 0. 


" s 


For norm (7 — 92) = Ynei? + Ynse? + +++, and, this being the remainder 
of a convergent series, approaches zero as n becomes infinite. 
Let us denote by e; the complex quantity whose ith component is 1 


while all its other components are zero. Then 


QQ) "7 Gye, GQ; 


An) one AnAn 


b a eee Q, 
v(e,) = lim —— 
r=* 


Gla, - 
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THEOREM 20. A necessary and sufficient condition that the homogeneous 
system (27) have no solution of finite norm except zero is that all the quantities 
Y(e,) be zero. 

That this is a necessary condition is obvious. To prove it sufficient 
assume Y(e;) = 0 (2 = 1, 2, ---). By Theorem 18, ¥(n) = O whenever 7 
has only a finite number of components different from zero. But, by (45), 
every 7 of finite norm is the strong limit of such a set of 7’s. Consequently, 
by Theorem 19, ¥(m) = 0 for every 7 of finite norm, as was to be proved. 

We have expressed the solutions £, and & as well as their norms, as the 
limit of the ratio of two determinants of order n + 1 and n as n becomes 
infinite. We proceed to inquire under what conditions the individual 
determinants, and not merely their ratios, converge. In all cases the 
denominator determinant is G(a, ---, a@,), and if this Gramian converges 
as n becomes infinite, the determinants in the numerators will likewise con- 
verge. Thus we have merely to consider the convergence of G(a,, -+-, an) 
as n becomes infinite, or, as we phrase it, the convergence of the infinite 


Gramian, G(ay, a, +++). 
THEOREM 21. A _ sufficient condition for the convergence of the infinite 
Gramian of the complex quantities a,, a2, «++ which have finite norms is that 


the infinite product [];_, | a; ? diverge to zero or converge. 
Consider the set of complex quantities 8; = a,;/,a;, whose norms are 
all unity. We have, then, 


(46) G(ay, es a) _ G(p:, ideas 8.) II 1a; |*. 
Now 7 ; _ 
BB; hi BiBn-1 BiB, 
G(;, ‘a Bn) =| - 7 ; ; Ml ; ; . | + | Bn "G(B:, ill Bn-1)- 
Bn—1P) ties Bn—-1Bn—-1 Bn—1Bn | 
B nD Oath BrBn—1 0 | 


The first term on the right is a bordered Gramian of the form of the numer- 
ator of (13) and is therefore negative or zero (see footnote at the end of § 3). 
Consequently 
G(r, +++, Bn) S G(R, +++, Bar); 

and since G(8;, «++, Bn) is never negative, lim,., G@(61, «+, Bn) exists. Thus 
when []7_, |a;!2 diverges to zero or converges, we have from (46) that 
G(ai, a2, ---) converges, as we wished to prove. 

Corotuary 1. If G(p1, Bs, «+ +) + 0 the condition that T];-, | a: |? diverge 
to zero or converge is also necessary for the convergence of G(ai, a2, - -). 
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Coroutuary 2. If [];-, | a: |? = 0, then Gai, a, ---) = 0. 

We also note that G(ai, a2, ---) = 0 when any of the complex quantities 
a; are linearly dependent. 

From Theorem 21 we now see that the determinants occurring in the 
expressions for &‘" and & ‘" (and for their norms) will converge as n = @ if, 
at the start, the equations (27) and (37) respectively are divided through 
by scalars so as to make the norms of all the a’s < 1. If, when this is 
done, G(a:, a2, --:) +0, the formule for & and & furnish solutions for 
these infinite systems of equations in terms of infinite determinants, properly 
socalled. Of course the last row and column of the numerator determinants 
must then be written as first row and column. 

CAMBRIDGE, Mass. AND CINCINNATI, OHIO, 

December, 1911. 








ON THE THEORY OF CORRELATION WITH SPECIAL REFERENCE 
TO CERTAIN SIGNIFICANT LOCI ON THE PLANE OF DIS- 
TRIBUTION IN THE CASE OF NORMAL 
CORRELATION. 









By H. L. Rierz. 







1. Introduction.—The notion of correlation is of such importance in 
science that it seems it should become almost as familiar to the scientist as y 
the notions of a mathematical function and of independence in the prob- f 
ability sense. The purposes of the present paper are (1) to present the 
elements of a theory of correlation from assumptions that are suggested 
by applications and that seem to appeal to the mathematical student 5 
beginning the study of statistics, (2) to give a few properties of normally ! 
correlated statistical data by means of curves or contour lines on what I 
call the plane of distribution. iy 
Take X and Y to represent associated classes of individuals that have 
definite values or with attributes that have definite values. These classes 
may represent any one of a great variety of concrete situations. To illus- 
trate, Y may represent rainfalls at a given place in months of April and Y 
those in months of June; X and Y may refer to fathers and sons, when the 
inheritance of some character is in question; X and Y may represent 
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statures of husbands and of their wives; XY may represent hours per day e 
worked by laborer, and Y the corresponding wages paid. These illustra- 5 
tions very naturally suggest the following questions that show the purpose 1 





of a theory of correlation: Is there a measurable tendency for wet Aprils to 
be followed by dry Junes? To what extent do a class of men, in general, 
resemble their father with respect to some character, say stature? Do tall 
men, in general, marry tall wives? Do high wages go with short hours of 






labor? 

The problem that we set is to describe, by some summary method, the 
tendency of corresponding individuals of X and Y to vary in the same or in 
opposite directions, when the variations are to be attributed to an indefinite 
number of unassignable causes. It is well known that the relationship of 
corresponding individuals of X and Y, in the illustrations cited above, is 
not such a perfect. dependence as is given by a mathematical function. 
When a value is assigned to X, the corresponding values of Y have a certain 
amount of freedom. They may, however, be far from free in the prob- 


ability sense of freedom or independence. 
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A relation expressed by a mathematical function and independence in 
the probability sense may be regarded as two extremes between which 
there exists a large region for a theory of correlation. 

2. Table of Double Classification.—To be precise, let 


XM, To, T3, °° *> In 


be values of the individuals of a random sample of n drawn from the class X. 
In the language of statistics, we call these x’s variates. Let y’s represent the 
corresponding variates of the class }. That is to say, X and Y are associ- 
ated so that 

(a1, Yr), (X2, Yr), (Xa, Ys), ***y (Lay Yn) 


are pairs of variates in correspondence. 
The first step in the description of the dependence of the two attributes 
is the construction of a table* of double classification of the following form: 


B tie ide boss TE Ce Cee, Rene: nen Xx, 
Ae ae ee Oe ere : ie Asinta eee veins} Shaw. || Bie 
Se ae Ye poe yprte cere ees | aioe 
¥; Nis | Nes | Nas ‘Na Nia Nuys 
Y; Nip N2. N22 Nua Nia Ny 
Y; Nn Noy N 21 N al N, 1 N yl 

Na N22 N:3 Ni n 

Fic. i. 
The symbols X,, X2, --- in the top row of the table mark subclasses 


covering, in general, equal intervals on the range that includes the entire 
class X. Similarly, ¥;, Yo, in the column on the left mark subclasses that 
are taken to include, in general, equal intervals of the range that includes 
the entire class Y. The number of such subclasses may be two or more. 

In this table (Fig. 1), any number, say V,, (s + xz, s + y), indicates the 
number that belongs to both subclasses Y, and Y,. The vertical column of 
frequencies N41, Vy2, Nus3, +++, Na, «++ corresponding to any mark X, is called 
an X-array of y’s. Similarly, any row of frequencies Ny, No, Na, °°; 
Nj, +++ corresponding to any mark Y, is a y-array of 2’s. 

The numbers in the lower row give the sums of numbers N in columns, 
and show the frequency distribution of the total sample of n into subclasses 
X;, Xo, +++. Likewise, the column of totals on the right is the frequency 
distribution into subclasses Y,, Yo, - 

* Such a table used to study the correlation of statistical data seems to have been employed 
first by Francis Galton, Proc. Royal Society, XL, p. 68. 
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3. Test of Independence.—If the two classes X and Y are independent 
in the probability sense, the best estimate (from our sample of n) that can 
be given, from the separate classes, of the probability that a pair (z,, y,) 
taken at random is such that x, belongs to the subclass X, and y, to Y,, is 
the product 

Nua Ny 


n* 


(1) 


But, from the table (Fig. 1), the best estimate that a pair belongs to 
both these classes is V,,n. If the deviations 


Nu NeaNe 


n n- 


§ = ; (2) 
when extended to all compartments of the table, are greater than may be 
attributed to fluctuations in drawing random samples, there is lack of inde- 
pendence. If the differences (2) are to be attributed to smallness of the 
sample, we say the difference is insignificant. A test as to whether the 
deviations 6 are to be regarded as significant has been given by Sheppard.* 

If the classes X and Y are not independent, and are not absolutely 
dependent in the sense that a mathematical function determines the one 
when the other is given; then, we may say, in a general way, that a theory 
of correlation is required to describe the association of the two classes X 
and Y. 

4. General Description.—In many applications, where the correlation 
is considerable, a certain amount of progress in treating the association of 
X and Y can be made by a consideration of the arrays of the double entry 
table of values without the use of special mathematical methods. That is 
to say, we may treat each array as a frequency distribution, and find some 
kind of average values for the arrays and for the variability from this 
average. Such a treatment is, however, obviously inadequate for many 
purposes. 

Suppose we erect at the center of each rectangle (Fig. 1) of the table a 
perpendicular to the plane of the rectangle proportional in length to the 
number in that rectangle. The ends of these perpendiculars suggest a 
surface to describe the distribution. 

5. Geometrical Description.—To follow the suggestion just mentioned, 
it is convenient to use (21, y:), (2, Yo), ***, (ny Yn) as deviations from the 
means of variates of the respective classes X and Y rather than for the 
actual values of the variates themselves. They will be used in this sense 
throughout the remainder of the paper. 








* Philosophical Transactions of the Royal Society, vol. 192A, 1899, p. 128. 
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Represent these deviations (21, yi), (2, Ye), ++ *, (Xn, Yn) from the mean 
values as codrdinates of points in a plane (Fig. 2*). I eall this plane the 
plane of distribution. It is the purpose of a theory of correlation to char- 
acterize the arrangement of such points without special reference to indi- 
vidual points. Divide the range along the x-axis that would include all 
points of the class into equal intervals Ar. Likewise, divide the range along 
the Y-axis into equal intervals Ay. The points included by two parallels 
to the }-axis (AB) may be said to constitute an xz-array of Y’s. Similarly, 
the points included by parallels (A’B’) are said to be a Y-array of 2’s. 


bic. 2. 


It is reasonable to assume that some function f(x) exists such that 
f(x)Ar (3) 


is the probability that a variate taken at random from class X gives a point 
in an array marked by a Az, and that some function ¢(y) is such that 


g(y)Ay (4) 


is the probability that a variate taken at random from Y gives a point in an 
array marked Ay. The table of double classification (Fig. 1) with per- 
pendiculars to the plane at the centers of rectangles suggested the idea of 
a surface. To follow this suggestion, we consider an area ArAy at the 
intersection of any two arrays marked Az and Ay. It may be assumed that 


* This distribution of points is not made up in an entirely artificial manner, but represents 
approximately the distribution of a class of husbands and wives with respect to stature. See 
Pearson and Lee, Biometrika, vol. 2, p. 408. 
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SEAT, ie 


a function z = Y(x, y) exists such that 


¥(x, y)ArAy 





(5) 


gives the probability that a pair (x,, y,) taken at random gives a point in 
ArAy. 
We may obviously add the conditions 


f side =1, ff cay=1, ff vewadray=1, ©) 


if the functions in (3), (4), and (5) are integrable from — 2 to + 2. 

To render more precise and useful the idea of independence discussed in 
$3, we may now use the notation of $5, and define that the two classes X 
and Y¥ are independent if 












Y(r, y) = f(x)ely) (7) 






is an identity. If this equality is not an identity, the two classes are cor- ‘; 
related. From this general negative definition of correlaton, it seems diffi- 
cult to determine the character of y(x, y) so as to give it a practical value. 
We seek therefore an affirmative definition at some loss of generality. To 
obtain a valuable affirmative definition, we fix our attention on the mean 
values of those variates of one class, say of Y, that are in an array marked 
Ar. Or, we may regard the points (Fig. 2) as particles of equal mass and 
fix our attention on the centroid of these particles. With the limiting 
case of an indefinitely large number of variates and small values of Az, 
it seems reasonable, since mean values have variations of a higher order of 










smallness than individuals, that these centroids, in general, arrange them- r 
selves along a smooth curve. That is to say, there may be a correspondence, ‘ 
given by a mathematical function, between any assigned X and the centroid i 





of corresponding points of Y. 
With reference to the surface 












\ 


z= pir, y), 





this means that the y codrdinate, 7, of the centroid of any section by assign- 





ing x is a function of x. Suppose that 


| , yl, ydy 
y | ee . —_- = A(x) (8) 


| V(x, y)dy 






for any assigned x. 
As an affirmative, though special definition of correlation, we define that 


the class Y is correlated with X if @(x) is different from zero. As we have 
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selected the origin so that 6(x) cannot be a constant different from zero, 
the simplest case of correlation we have to consider is that for which 


6(x) = mx + b, (9) 
a linear function of x. 

It affords a vivid description to interpret 6(x) on the plane of distribution 
(Fig. 2). It issometimes called the curve of regression of y’s on z’s. More- 
over, when 6(2) is linear, it is said that there is linear regression. Obviously, 
another curve of regression of x’s on y’s exists. 

To obtain the m and b to apply to any numerical case, we make use of 
our sample of n. If the line (9) is subjected to the least squares condition 
that m and b are to be determined so that the sum of the squares of its 
deviations (measured parallel to the y-axis) from the means of arrays 
(weighted with the number in the arrays) is to be a minimum, we obtain 


(10) 


where o,” is the mean square of 2, %2, +++, Xn, 
go,” is the mean square of YJ, Ye, +++, Yny 
and r is defined by the formula 


q=n 


dX LY 


] 


NO:y 
The o’s are called the ‘standard deviations’’ of the systems of variates 
and r is called the ‘‘correlation coefficient.” 
The line (10) is the line of distribution of the means of y’s that corre- 
spond to assigned z's. By analogy, 


(11) 


is the line of regression of x’s on y’s. From our special definition, there is 
no correlation if r = 0. 

7. Standard Deviation of Arrays.—The mean square of the deviations 
of all points (21, yi), (2, ye), +++, (Xn, Yn), (Fig. 2], from corresponding points 


r } Oy 
X , +4 cc. F os 
’ CO, , ’ ny m n 


on the line 


is given by 
*See Fig. 2. Line CD is the line of regression of wives with respect to husbands, and EF 
is the line of regression of husbands with respect to wives. 
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Yq _e Iq q=n 9 La q = . 
. ) Yq _ 20,r q=l ; 4 roy q=1 . 
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n q=! n Or n o;” n 





(12) 





g,” — 2r°o,? + 1a,’ 





o,°(1 — 7’). 






Suppose that the regression is linear, so that the centroid of the z-arrays 
of y’s may be taken on the line 








and that the standard deviations of z-arrays of y’s are equal. Then 
a,(1 — r*) becomes the square of the standard deviation of each z-array "s 
of y's. When the standard deviations of these arrays are unequal, . 
g,°(1 — r*) is merely a sort of an average value of the squaré of standard 
















deviations of arrays. : 
Similarly, o,°(1 — 7°) is the square of the standard deviation of a ; 
q y-array of 2’s. 
: 8. The Normal Correlation Surface.—The normal correlation surface ; 
dl dates back to a memoir by Bravais* in 1846. The importance of this surface i 
: in the mathematies of statistics was first recognized by Galton? and has Z 
5 been fully demonstrated by the work of Pearson, Edgeworth, and Yule. e 
i The equation of the normal surface may be written in the form é 
; ae i 
; a=: l e 2 i | of ms ~ es ) (13) f 
i 270,0,V 1 —r* 
For certain associated classes X and Y, this is the form of Y(a, y)[$5, (5)]. i 
: When y(x, y) takes this form, the correlation is said to be normal. ? 
It is easy to give many properties of this surface from certain sets of ik 
which equation (13) may be derived. One set of conditions that character- 4 





ize the surface and that suggest themselves very naturally in attempting a 
description of certain double entry tables of classification may be stated 






as follows: 
(a) The regression of at least one set of variates on the other is linear. 


Applied to the surface, this condition means that 









* Sur les Probabilités des Erreurs de Situatién d'un Point. Memoires par divers Savants a 
l’ Académie des Sciences de France, t. IX (1846), pp. 255-332. 

t Galton, Proc. Roy. Soc., vol. XL, p. 42 (1886). 

t Pearson, Phil. Trans. (A), vol. 187, p. 253 (1896); A, vol. 200, p. 1 (1903). Edgeworth, 
Phil. Mag., 1892, vol. 34, p. 190 (1903). Yule, Journal of the Royal Statistical Society, vol. 60, p. 7 
$12. Cf. Bertrand, Calcul de Probabilités, Chap. LX, Czuber, Theorie der Beobachtungsfehler, if 


§ 6, (8)] 
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(b) The arrays of the correlation table are normal distributions; that 
is, any section of the surface z = ¥(x, y) by assigning x or y is a normal* 
(Gaussian) curve. 

These conditions, if we make an additional assumption of a purely 
analytic nature, lead so readily to (13) that we shall not give the details of 
the argument. 

Condition (b) implies that y(2, y) is of the form e*””, and the addi- 
tional assumption is that X(x, y) can be expanded in a convergent power 
series in x and y. 

Certain Loci on the Plane of Distribution in Normal Correlation. 

9. Ellipses of Equal Probability —In what follows, it seems to me to add 
somewhat to the description to regard points (21, y:), (2, Yr), °° +) (Lay Yn) 
(Figs. 2 and 3) as particles of equal mass on the plane of distribution. The 
average density of distribution of particles on an area may be defined as the 
relative frequency? of particles on that area divided by the area. From this 
definition, we may pass to the limiting case and say that z in the surface 


z=y(z, y) 
gives the limiting value of the density at any point on the plane of distribu- 
tion. The curve along which the density of distribution is constant is the 
ellipse obtained by assigning a given value to z in equation (13), and 
interpreting the result on the plane of distribution. The infinite system 
of homothetic ellipses obtained by assigning different values to z plays 
an important role in Bravais’s fundamental memoir.{ Such an ellipse is 
sometimes called an ellipse of equal probability.§ We shall deal in this 
paper ($ 10) with one of these ellipses of special interest. For this purpose, 
the equation of any ellipse of the system may be written in the form 

a y" 2rxry 


a+ 


oe ° @ O:0y 


=)’, (18) 


The area of this ellipse is 
(7\°0,0,) 
Vl-Fr 


and the semiaxes are given by a = ky (19) and b = k’d (20), where k and 


* The normal curve in rectangular coérdinates is defined by the equation 


244 
—_— a2”? z?re 
de , ’ 


where a is negative. It is easily shown that a = — 1/202, where o? is defined as the second mo- 
ment of the area under the curve, about the line z = — b/ a, divided by the area. 

t The “ relative frequency ” of events and the probability of an event are used interchange- 
ably in this paper. 

t Loe. cit. 

§ Cf. Bertrand, loc. cit. 
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k’ are functions of ¢,, ¢,, and r. The probability that a particle will fall 
within any ellipse obtained by assigning X, is given by 


*A 1 a? 


e -)" Wy = 1—e M9, (21) 


270,0, 
27¢,0,(1 —r*) J, 


10. The Ellipse of Maximum Probability —We shall now determine the 
ellipse along which, for a given small ring AX, we should expect more particles 
than along any other ellipse of the system. 

The perimeter of the ellipse of semiaxes kA and k’d ($9) is given by 


abn [? Vl—e sing de, 


where e? is independent of A. Since the integral is independent of A, we 
may write the perimeter of the ellipse in the form k’’), where k’”’ is inde- 
pendent of A. Hence, the total probability that a particle falls in a small 
ring between ellipses \ and \ + Ad is given by 
Af 

ke *8- Ay. (22) 
This expression is a maximum when \? = 1 — 7°. Hence, what may well 
be called the ellipse of maximum probability is 


To illustrate the meaning of this ellipse, in Bertrand’s illustration of 
shooting a thousand shots at a targei, the probability is greater that a 
shot will fall along this ellipse than along any other ellipse of the infinite 
system. 

We may further easily prove the following theorem: The ellipse of 
maximum probability is identical to the orthogonal projection of parabolic 
points of the correlation surface on the plane of distribution. 

To prove this theorem, we simply find the locus of parabolic points 
on the surface (13) by means of the well-known condition 


vz 02 _ (= 
a2 ay? 
This gives 


which establishes the theorem. 
Attention has often been called to another ellipse known as the “ prob- 
able” ellipse. The probable ellipse is defined as that ellipse of the system 
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such that the probability is 14 that a particle falls within it. This means, 
by (21), that \ is such that 


or 
2 = 1.3863(1 — r°). (24) 
Hence, the probable ellipse is larger than the ellipse of maximum prob- 
ability. In fact, the probability that a particle falls within the ellipse of 
maximum probability is 1 — e~! = 0.3935, while that of falling within the 
probable ellipse is, by definition, ! 9. 
For the illustration of statures of husbands and wives, these two ellipses 
are shown in Fig. 3. By actual count from the drawing (Fig. 3), it appears 


yc 
| 


/ 


— a 4 


Fic. 3. 














that 536 of the 1,078 points are within* the probable ellipse and 412 are 
within the ellipse of maximum probability. These numbers differ from 
the theoretical values by amounts well within what should be expected 
with 1,078 points in all. 

11. Separation of the Plane of Distribution by Lines of Regression 
(Fig. 2).—The lines of regression and some other lines to be defined presently 
are of such importance in describing the distribution of particles on our 
plane of distribution that we shall consider the probability that a particle 
falls into a given compartment of the plane separated from the rest of the 
plane by these lines. 

Let us take the lines | 
y = kz, (25) 
y = bz, (26) 


* One half the points on the ellipse are counted within it in making this count. 
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and determine the probability that a particle falls into a compartment made 
by these lines. The probability is given by the volume under the correlation 
surface bounded by (25) and (26), interpreted as planes. The probability 
is, if we make 


x= pcos 8, 
y = psin 86, 
1 arc tan lg je 7 p? (er eS Set) 
P = . f f e 21—r3)\ ¢,2 ° o@,? O20, pdpdé 
270,0,V 1 — T° Yaretanl, Jo 
1 g,l, — ro orl; — ro 
=, (are tan ~ “— arc tan * ~). (27) 
on %W1l-r W1l-r 
If (25) and (26) are lines of regression so that 
o lo 
l; =fTr .. l, = oP 
Or Tr Ox 


then 


] ‘at - 
P= 9, are cos r (0 = arccosr = 7). (28) 
When r is positive, this is the probability that a point will fall into one 
of the compartments of the smaller angles between the lines of regression. 
To find the probability that a particle falls into this same region under 
independence of X and ¥, we make r = 0 in (27) before making the sub- 
stitutions 


o lo 
l; =rTr . l, = .. 
Oo; r Oz 
This gives 
2r 
P’ = are Cos is 
2r l+r 


Hence, the excess relative frequency in this compartment of the table is 


1 2r 
arc cos rf — are cos; ;, > Ie 
Ir 1 a r- 


12. Loci Along Which the Frequency of Particles Bears a Simple 
Relation to the Frequency under Independence.—If the equality [§ 6, 
(7)] v(x, y) = f(x)-¢(y) is not an identity, it may be interpreted as the 
curve in the plane of distribution along which particles are distributed with 
the same frequency as they would be under independence. This curve 
and its separation of the plane of distribution have been treated by Pear- 
son* for the case of normal correlation. 


* Drapers’ Company Research Memoirs, Biometric Series, I, XIII. 
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That treatment is easily extended for normal correlation to find the 
curve along which points are / times as frequent as on the hypothesis of 
independence. I call k the intensity of distribution with respect to inde- 
pendence. In the general case, this curve has the equation 


Vir, y) = Af(x) gly). (30) 
For normal correlation, (30) takes the form 
1 _ 1 ( - . - err ) }: 1 r? ; y2 ) 
ep 2l-r- - o.- a » = » 2 
1 = oi ° 10) = _¢ *hot* o,3), 
a7070y ni 0,0, 


which may be easily simplified to 


Fg Eg Ot gE ee — BH, (31) 
es  ¢;, Wes -r 
This hyperbola divides the plane of distribution into two regions in one 
of which the intensity of distribution is greater than /, while in the other 
it is less than &. By giving different values to /, we obtain an infinite 
system of hyperbolas. The case of 
1 


~ tes 


k 2 


is of special interest as it may be regarded as the intensity of distribution 
at the centroid of particles. Making 


l 


k=- 
rl—-r 


in (31) causes the equation to degenerate into the two straight lines 


lo, 


Y= id ey (39 
y ra,t 11 ri 32) 


These lines are shown as lines AB and CD on Fig. 3. The hyperbola 
along which the frequency is the same as under independence is also shown 
on the same figure. The probability that a particle will fall into a specified 
one of the four compartments [made by lines (32)] of the plane of distribution 
is given by substitution for /; and 2 in (27). This gives for the probability 
14. That is, the probability is just the same that a particle belongs to one 
of the four compartments as to any other. 

The probability that a point belongs to the region of one of these com- 
partments, in case of independence, is 


are COS Tf. 
2r 
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13. Separation of Plane by What Would Be Lines of Regression Under 
Independence.—These lines are simply our codérdinate axes. The prob- 
ability that a particle falls into a specified quadrant under independence 
is, of course, 14. The probability that a particle will fall into the first 
quadrant, in the case of normal correlation, is given by (27) as 


1 


1 . T , T 
+. aresinr —,<aresinr < ' 
4 27 2 


2 


And the probability of falling into the fourth quadrant is 


1 ] ; T T 
4 9, are sin r (- » <aresinr< s): 

Hence, we may say, in the case of normal correlation, if we know only 
in regard to a variate of class X that it is above the mean, that the odds 
are 14 + 1,27 are sin r to 14 — 1/27 are sin r that the corresponding variate 
of class Y is above the mean. 

In our example of the correlation of husbands and wives in stature, 
the numerical values of the odds are 0.2962 to 0.2038 or 3 to 2 approximately 
that the stature of the wife is above the mean if it is given that the hus- 
band is above the mean of husbands in stature. 

The study of the separations of the plane of distribution by such lines 
as those here considered throws considerable light on the character of 
normally correlated statistical data. 
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